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Ãëàâà 1

Ââåäåíèå

Äàííîå ðóêîâîäñòâî ïî ÿçûêó Mathpar ïîìîæåò Âàì ïðè ðåøåíèè
ìàòåìàòè÷åñêèõ çàäà÷. Îíî áóäåò âñåãäà Âàøèì ïîìîùíèêîì, êîãäà
Âàì íóæíî âîñïîëüçîâàòüñÿ ìàòåìàòèêîé: áóäü òî ðåøåíèå çàäà÷è
â øêîëå èëè â óíèâåðñèòåòå, âûïîëíåíèå íàó÷íûõ ðàñ÷åòîâ èëè ðå-
øåíèå ïðîèçâîäñòâåííîé çàäà÷è.

Mathpar ïîìîæåò Âàì äåëàòü ïðîñòûå ÷èñëîâûå èëè àëãåáðàè-
÷åñêèå îïåðàöèè, ñòðîèòü ãðàôèêè êðèâûõ è ïîâåðõíîñòåé.

Îí ïîìîæåò Âàì ðåøàòü çàäà÷è ðàçëè÷íûõ ðàçäåëîâ ìàòåìàòè-
÷åñêîãî àíàëèçà, àëãåáðû, ãåîìåòðèè, çàäà÷è ïî ôèçèêå, ïî õèìèè
è äðóãèå.

Åñëè æå Âû ïðîôåññèîíàëüíî ïðèìåíÿåòå ìàòåìàòèêó, òî îí ïî-
ìîæåò Âàì èçáàâèòüñÿ îò ðóòèííûõ âû÷èñëåíèé è îïåðèðîâàòü ñ
î÷åíü áîëüøèìè ìàòåìàòè÷åñêèìè îáúåêòàìè, çàäåéñòâóÿ ïðè ýòîì
ñóïåðêîìïüþòåðû. Mathpar ïîçâîëÿåò îïåðèðîâàòü ñ ôóíêöèÿìè
è ôóíêöèîíàëüíûìè ìàòðèöàìè, ïîëó÷àòü êàê òî÷íûå ÷èñëåííî-
àíàëèòè÷åñêèå ðåøåíèÿ, òàê è ðåøåíèÿ, â êîòîðûõ ÷èñëîâûå êîýô-
ôèöèåíòû ïîëó÷àþòñÿ ñ òðåáóåìîé ñòåïåíü òî÷íîñòè.

Â îñíîâå ÿçûêà Mathpar ëåæèò øèðîêî èñïîëüçóåìûé ìàòåìà-
òèêàìè è ôèçèêàìè ÿçûê ÒåÕ, êîòîðûé îáû÷íî èñïîëüçóþò äëÿ íà-
áîðà ìàòåìàòè÷åñêèõ òåêñòîâ.

Âû ìîæåòå ñîõðàíèòü êàê ïîñòàíîâêó çàäà÷è, òàê è õîä åå ðå-
øåíèÿ. Ïðè ýòîì ìîæåòå ñîõðàíÿòü è òåêñòîâûé âèä (Mathpar, TeX
èëè MathML) è èçîáðàæåíèå (pdf, jpg).

Âåñü èçëàãàåìûé òóò ìàòåðèàë äåëèòñÿ íà 14 ãëàâ.
Äëÿ ïåðâîãî çíàêîìñòâà äîñòàòî÷íî îçíàêîìèòüñÿ ñ äâóìÿ ñëå-
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äóþùèìè ãëàâàìè äàííîãî ðóêîâîäñòâà.

Âî âòîðîé ãëàâå îïèñûâàåòñÿ ââîä äàííûõ è âûïîëíåíèå ïðîñòåé-
øèõ âû÷èñëåíèé. Äàþòñÿ îáîçíà÷åíèÿ äëÿ ýëåìåíòàðíûõ ôóíêöèé,
òàêèõ êàê ëîãàðèôì, ñèíóñ, êîñèíóñ è ò.ä., è êîíñòàíò � π, e, i, à òàê-
æå êîíñòàíò, êîòîðûå íåîáõîäèìû äëÿ çàäàíèÿ ÷èñëîâûõ ìíîæåñòâ.
Îïèñûâàþòñÿ ñïîñîáû çàäàíèÿ âåêòîðîâ è ìàòðèö, àðèôìåòè÷åñêèå
îïåðàöèè íàä íèìè, êîìàíäû ãåíåðàöèè ñëó÷àéíûõ ÷èñåë, ïîëèíî-
ìîâ è ìàòðèö, êîìàíäû äëÿ ðåøåíèÿ àëãåáðàè÷åñêèõ óðàâíåíèé.
Äëÿ âñåõ êîìàíä ïðèâåäåíû ïðèìåðû.

Òðåòüÿ ãëàâà ïîñâÿùåíà ïîñòðîåíèþ ãðàôèêîâ ôóíêöèé.
Mathpar ïîçâîëÿåò ñòðîèòü ãðàôèêè ôóíêöèé, êîòîðûå çàäàííû ÿâ-
íî èëè ïàðàìåòðè÷åñêè, êðîìå òîãî ôóíêöèè ìîãóò áûòü çàäàíû
òàáëè÷íî � ìíîæåñòâîì çíà÷åíèé ôóíêöèé íà êîíå÷íîì ìíîæåñòâå
çíà÷åíèé àðãóìåíòà. Ìîæíî âûïîëíèòü ïîñòðîåíèå íåñêîëüêèõ ãðà-
ôèêîâ â îäíîé ñèñòåìå êîîðäèíàò.

Â ÷åòâåðòîé ãëàâå îïèñûâàþòñÿ ñïîñîáû çàäàíèÿ îêðóæåíèÿ â
ñèñòåìå Mathpar, ò.å. òîãî ïðîñòðàíñòâà, â êîòîðîì áóäóò îïðåäå-
ëÿòüñÿ ìàòåìàòè÷åñêèå îáúåêòû. Â ëþáîé ìîìåíò Âû ìîæåòå ñìå-
íèòü îêðóæåíèå è çàäàòü íîâîå àëãåáðàè÷åñêîå ïðîñòðàíñòâî.

Â ïÿòîé ãëàâå îïèñàíû êîìàíäû äëÿ çàäàíèÿ ìàòåìàòè÷åñêèõ
ôóíêöèé îäíîé èëè íåñêîëüêèõ ïåðåìåííûõ, èõ êîìïîçèöèé, âû÷èñ-
ëåíèÿ çíà÷åíèé ôóíêöèè â òî÷êå, ïîäñòàíîâêè âûðàæåíèé â ôóíê-
öèè, âû÷èñëåíèå ïðåäåëà ôóíêöèè â òî÷êå, ñèìâîëüíîãî èíòåãðè-
ðîâàíèÿ êîìïîçèöèé ýëåìåíòàðíûõ ôóíêöèé. Ïðèâîäÿòñÿ ïðèìåðû
âûïîëíåíèÿ êîìàíä.

Øåñòàÿ ãëàâà ïîñâÿùåíà äåéñòâèÿì ñ ðÿäàìè. Ðàññìàòðèâàþòñÿ
ñïîñîáû çàäàíèÿ ðÿäà. Äàþòñÿ êîìàíäû äëÿ ñëîæåíèÿ, âû÷èòàíèÿ,
óìíîæåíèÿ äâóõ ðÿäîâ è äëÿ ðàçëîæåíèÿ ôóíêöèè â ðÿä Òåéëîðà ñ
îïðåäåëåííûì êîëè÷åñòâîì ÷ëåíîâ ðÿäà.

Â ñåäüìîé ãëàâå îïèñàíû êîìàíäû äëÿ ðåøåíèÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé è ñèñòåì, à òàêæå äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.

Âîñüìàÿ ãëàâà ïîñâÿùåíà ïîëèíîìèàëüíûì âû÷èñëåíèÿì. Ðàñ-
ñìàòðèâàþòñÿ êîìàíäû äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ïîëèíîìà â òî÷êå,
ñóììèðîâàíèÿ ïîëèíîìà ïî ïåðåìåííûì, âû÷èñëåíèÿ áàçèñà Ãðåá-
íåðà ïîëèíîìèàëüíîãî èäåàëà íàä ðàöèîíàëüíûìè ÷èñëàìè.

Â äåâÿòîé ãëàâå îïèñûâàþòñÿ ìàòðè÷íûå ôóíêöèè � âû÷èñëå-
íèå òðàíñïîíèðîâàííîé ìàòðèöû, îïðåäåëèòåëÿ ìàòðèöû, ïðèñîåäè-

8



íåííîé è îáðàòíîé ìàòðèö, ýøåëîííîé ôîðìû ìàòðèöû, ÿäðà îïå-
ðàòîðà, õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ìàòðèöû è äðóãèå.

Äåñÿòàÿ ãëàâà ïîñâÿùåíà ôóíêöèÿì òåîðèè âåðîÿòíîñòåé è ìà-
òåìàòè÷åñêîé ñòàòèñòèêè. Îïèñûâàåòñÿ çàäàíèå äèñêðåòíîé ñëó÷àé-
íîé âåëè÷èíû, êîìàíäû äëÿ âû÷èñëåíèÿ ìàòåìàòè÷åñêîãî îæèäà-
íèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû, äèñïåðñèè, ñðåäíåãî êâàäðà-
òè÷íîãî îòêëîíåíèÿ, ñóììû, ïðîèçâåäåíèÿ äâóõ äèñêðåòíûõ ñëó-
÷àéíûõ âåëè÷èí, êîýôôèöèåíòà êîâàðèàöèè, êîýôôèöèåíòà êîððå-
ëÿöèè, ïîñòðîåíèÿ ìíîãîóãîëüíèêà ðàñïðåäåëåíèÿ è ôóíêöèè ðàñ-
ïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû. Â ýòîé ãëàâå ðàññìàò-
ðèâàþòñÿ êîìàíäû äëÿ çàäàíèÿ âûáîðîê è äëÿ âû÷èñëåíèÿ ôóíêöèé
äëÿ íèõ: âûáîðî÷íîå ñðåäíåå, âûáîðî÷íàÿ äèñïåðñèÿ, êîýôôèöèåíò
êîâàðèàöèè è êîýôôèöèåíò êîððåëÿöèè äëÿ äâóõ âûáîðoê.

Mathpar íå òîëüêî àêòèâíûé ìàòåìàòè÷åñêèé ÿçûê, íî îí åùå è
ïðîöåäóðíûé ÿçûê ïðîãðàììèðîâàíèÿ. Îäèííàäöàòàÿ ãëàâà ïîñâÿ-
ùåíà ïðîãðàììèðîâàíèþ â ÿçûêå Mathpar. Â ýòîé ãëàâå îïèñàíû
ïðàâèëà çàïèñè ïðîöåäóð è îñíîâíîé ÷àñòè ïðîãðàììû, ïðàâèëà çà-
ïèñè îïåðàòîðîâ âåòâëåíèÿ è öèêëà. Âû ìîæåòå íàïèñàòü ïðîãðàì-
ìó, ñîäåðæàùóþ Âàøè íîâûå ïðîöåäóðû è ôóíêöèè, è ïîòîì ìíîãî
ðàç èñïîëüçîâàòü ýòè ïðîöåäóðû è ôóíêöèè äëÿ âûïîëíåíèÿ íåîáõî-
äèìûõ Âàì âû÷èñëåíèé. Mathpar ìîæíî èñïîëüçîâàòü äëÿ îáó÷åíèÿ
ïðîãðàììèðîâàíèþ â øêîëå.

Â ãëàâå äâåíàäöàòîé îïèñûâàþòñÿ êîìàíäû, êîòîðûå óïðàâëÿþò
âû÷èñëåíèÿìè íà ñóïåðêîìïüþòåðå. Äëÿ ðåøåíèÿ âû÷èñëèòåëüíûõ
çàäà÷, êîòîðûå òðåáóþò áîëüøîãî âðåìåíè âû÷èñëåíèé èëè áîëü-
øèõ îáúåìîâ ïàìÿòè, ðàçðàáîòàíû ñïåöèàëüíûå ôóíêöèè, êîòîðûå
ïðåäîñòàâëÿþò Âàì ðåñóðñû ñóïåðêîìïüþòåðà. Ïðè èñïîëüçîâàíèè
ýòèõ ôóíêöèé âû÷èñëåíèÿ ïðîèçâîäÿòñÿ íå íà îäíîì ïðîöåññîðå, à
íà âûäåëåííîì ìíîæåñòâå ÿäåð ñóïåðêîìïüþòåðà, êîëè÷åñòâî êîòî-
ðûõ çàêàçûâàåò ïîëüçîâàòåëü. Ýòî òàêèå îïåðàöèè, êàê âû÷èñëåíèå
áàçèñà Ãðåáíåðà, ïðèñîåäèíåííîé ìàòðèöû, ñòóïåí÷àòîãî âèäà ìàò-
ðèöû, îáðàòíîé ìàòðèöû, îïðåäåëèòåëÿ, ÿäðà ëèíåéíîãî îïåðàòîðà,
õàðàêòåðèñòè÷åñêîãî ïîëèíîìà è äð. Íà ìîìåíò ïîäãîòîâêè ýòîé ðå-
äàêöèè ðóêîâîäñòâà ïîëüçîâàòåëÿ âû÷èñëåíèÿ íà ñóïåðêîìïüþòåðå
íå ïîääåðæèâàþòñÿ.

Â òðèíàäöàòîé ãëàâå ïðèâåäåí ñïèñîê îñíîâíûõ îïåðàòîðîâ â
ÿçûêå Mathpar.

Â ÷åòûðíàäöàòîé ãëàâå ïðèâåäåíû ïðèìåðû ðåøåíèÿ çàäà÷ ïî
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ôèçèêå.
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Ãëàâà 2

Çíàêîìñòâî è ïåðâûå

øàãè

Ýòà ãëàâà ïîñâÿùåíà ïåðâîìó çíàêîìñòâó ñ âîçìîæíîñòÿìè, êîòî-
ðûå Âàì îòêðûâàåò Mathpar. ßçûê Mathpar, êîòîðûé îïèñûâàåòñÿ
íèæå, ìîæåò ðàññìàòðèâàòüñÿ, êàê íåêîòîðîå ðàçâèòèå ÿçûêà TeX.
ßçûê TeX ïðåäíàçíà÷åí äëÿ çàïèñè ìàòåìàòè÷åñêèõ òåêñòîâ è ïîä-
ãîòîâêå èõ ê ïóáëèêàöèè. Åãî ìîæíî ñ÷èòàòü ïàññèâíûì ïî ñðàâ-
íåíèþ ñ ÿçûêîì Mathpar, êîòîðûé ïîçâîëÿåò äåëàòü âû÷èñëåíèÿ,
òî åñòü ÿâëÿåòñÿ àêòèâíûì ÿçûêîì ìàòåìàòèêè. Êàê ôîðìóëèðîâ-
êà çàäà÷è, òàê è ðåçóëüòàòû âû÷èñëåíèé, çàïèñûâàþòñÿ íà ÿçûêå
Mathpar.

Ñðàçó ïîñëå âû÷èñëåíèé Âû âèäèòå âåñü ìàòåìàòè÷åñêèé òåêñò
â âèäå pdf-èçîáðàæåíèÿ, â òîì âèäå, êàê ïðèíÿòî ïðåäñòàâëÿòü ìà-
òåìàòè÷åñêóþ çàïèñü â íàó÷íûõ è òåõíè÷åñêèõ ïóáëèêàöèÿõ.

Ýòîò ðåçóëüòàò ìîæåò áûòü èñïîëüçîâàí äàëüøå íåñêîëüêèìè
ñïîñîáàìè.

(1) Ìîæíî êëèêíóòü ïî òåêñòó ìûøêîé, è îí âåðíåòñÿ ê èñõîäíî-
ìó âèäó ÿçûêà Mathpar. Åñòü è äðóãîé ñïîñîá ïåðåêëþ÷åíèÿ èçîáðà-
æåíèÿ òåêñòà: ïðè ïîìîùè êíîïêè¾ ¿, ðàñïîëîæåííîé ìåæäó êíîï-
êàìè ¾▶¿ è ¾+¿.

(2) Ìîæíî êëèêíóòü ïî èçîáðàæåíèþ ìàòåìàòè÷åñêîé çà-
ïèñè ïðàâîé êíîïêîé ìûøêè. Â ýòîì ñëó÷àå ïîÿâèòñÿ âûïàäàþùåå
ìåíþ. Âåðõíåå ïîëå ¾Show Math As¿ ïîçâîëÿåò ïåðåéòè ê âûáîðó
ÿçûêà âûâîäà. Ïðåäëàãàåòñÿ âûáðàòü TeX èëè MathML. È çàòåì
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îòêðûòü ïîëå ñ æåëàåìûì òåêñòîì.
Íàïðèìåð, ìàòðèöà A, ðàçìåðà 2× 2, â Mathpar áóäåò çàïèñàíà

òàê:
A=[[a, b], [c, d]];
â TeX îíà âûãëÿäèò òàê:
A= \left(\begin{array}{cc}a&b \\c&d\\ \end{array}\right).
Â MathML ýòî åùå áîëåå ãðîìîçäêîå âûðàæåíèå.
Ïîëó÷åííûé òåêñò íà ÿçûêå TeX èëè MathML ìîæíî ñêîïèðî-

âàòü è ïîìåñòèòü â TeX- èëè html-ôàéë è èñïîëüçîâàòü äëÿ ïóáëè-
êàöèè. Êðîìå òîãî, ìîæíî ïîëó÷èòü îáû÷íîå èçîáðàæåíèå è ðàç-
ìåñòèòü åãî â ëþáîì äîêóìåíòå. Ýòî íåîáõîäèìî, íàïðèìåð, êîãäà
òðåáóåòñÿ ñîõðàíèòü ãðàôèê ôóíêöèè èëè ðåøåíèå çàäà÷è.

2.1. Ââîä äàííûõ, ðåøåíèå çàäà÷è

Â öåíòðàëüíîé ÷àñòè ýêðàíà íàõîäèòñÿ ïîëå ââîäà. Çäåñü Âû
ðàçìåùàåòå ìàòåìàòè÷åñêèå âûðàæåíèÿ. Äëÿ ðåøåíèÿ çàäà÷è íà-
äî íàæàòü íà êíîïêó ¾▶¿, êîòîðàÿ ðàñïîëîæåíà íàä ïîëåì ââîäà.
Êðîìå òîãî, ìîæíî èñïîëüçîâàòü ñî÷åòàíèå êëàâèø Ctrl+Enter. Íà-
ïðèìåð, ìîæíî íàáðàòü 2+2 è íàæàòü ¾▶¿.

Â âåðõíåé ÷àñòè ýêðàíà íàõîäÿòñÿ àêòèâíûå ïîëÿ Ïîìîùü è

Ðóêîâîäñòâî . Óêàçûâàÿ ìûøêîé íà ýòè ïîëÿ, Âû ìîæåòå ïåðåéòè

ê ñòðàíèöàì Ïîìîùè èëè îòêðûòü Ðóêîâîäñòâî ïî ÿçûêó Mathpar.
Íà ðèñóíêå ïðèâåäåí ïðèìåð ïðîñòîãî çàäàíèÿ.
Íà ñòðàíèöàõ Ïîìîùè âñå ïîëÿ ñ ïðèìåðàìè ÿâëÿþòñÿ àêòèâíû-

ìè ïîëÿìè, ñîäåðæàùèåñÿ òàì çàäà÷è ìîæíî òóò æå ðåøèòü è óâè-
äåòü îòâåò. Äëÿ ýòîãî íóæíî êëèêíóòü ïî êíîïêå ¾▶¿ èëè æå ìîæíî
ïîñòàâèòü êóðñîð íà ïîëå ïðèìåðà è íàæàòü Ctrl+Enter. Ìîæíî êî-
ïèðîâàòü òåêñò èç ëþáîãî ïðèìåðà è ïåðåíåñòè åãî â Âàøå îñíîâíîå
ïîëå ââîäà. Äëÿ ýòîãî ìîæíî èñïîëüçîâàòü âûäåëåíèå òåêñòà ìûø-
êîé, êîïèðîâàíèå è âñòàâêó ýòîãî òåêñòà ñ ïîìîùüþ ñî÷åòàíèÿ êëà-
âèø Ctrl+Ñ è Ctrl+V, ñîîòâåòñòâåííî, äëÿ êîïèðîâàíèÿ è âñòàâêè.

Òåêñò, êîòîðûé Âû ìîæåòå ââîäèòü â ïîëå ââîäà, ñîñòîèò èç êîì-
ìåíòàðèåâ è ìàòåìàòè÷åñêèõ îïåðàòîðîâ.

Ïðè ââîäå êîììåíòàðèåâ, òî åñòü ëþáîãî ïîÿñíÿþùåãî òåêñòà,
íåîáõîäèìî áðàòü åãî â êàâû÷êè. Íàïðèìåð: (” ýòî êîììåíòàðèé ”).
Êàâû÷êè ðàçðåøàåòñÿ èñïîëüçîâàòü òîëüêî äëÿ êîììåíòàðèåâ. Â
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Ðèñóíîê 2.1: Çàïèñü çàäàíèÿ â ïîëå ââîäà
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òåêñòå êîììåíòàðèåâ ìîæíî èñïîëüçîâàòü, íàïðèìåð, òàêèå êàâû÷-
êè ¾ ¿. Êîãäà â êîììåíòàðèÿõ íóæíî èìåòü ìàòåìàòè÷åñêîå âûðà-
æåíèå, êàê ÷àñòü êîììåíòàðèÿ, òî åãî íåîáõîäèìî îêàéìèòü çíàêàìè
äîëëàðà ($). Íàïðèìåð, ìîæíî íàïèñàòü òàêîé êîììåíòàðèé:
”Äâà îáîçíà÷åíèÿ $\exp(x)$ è $\ê x$ ïðèìåíÿþòñÿ äëÿ ýêñïîíåíöè-
àëüíîé ôóíêöèè.”

Ïðè ââîäå ìàòåìàòè÷åñêèõ âûðàæåíèé èõ íåîáõîäèìî ðàçäåëÿòü
òî÷êîé ñ çàïÿòîé (;) èëè òåêñòîì êîììåíòàðèåâ, êîòîðûå çàêëþ÷åíû
â êàâû÷êè. Ìîæíî íå ñòàâèòü òî÷êó ñ çàïÿòîé ïîñëå ïîñëåäíåãî îïå-
ðàòîðà. Â ìàòåìàòè÷åñêèõ îïåðàòîðàõ, êîãäà íåîáõîäèìî âñòàâèòü
òåêñò, íóæíî èñïîëüçîâàòü àïîñòðîôû: ('òåêñò â ìàòåìàòè÷åñêîì
îïåðàòîðå' ).

Äëÿ âûâîäà ðåçóëüòàòîâ ìîæíî èñïîëüçîâàòü êîìàíäó \print(),
ãäå â êà÷åñòâå àðãóìåíòîâ, ðàçäåëåííûõ çàïÿòûìè, íåîáõîäèìî óêà-
çàòü èìåíà òåõ âûðàæåíèé, êîòîðûå òðåáóåòñÿ âûâåñòè. Åñëè ñðåäè
êîìàíä íå âñòðåòèëñÿ îïåðàòîð ïå÷àòè \print() èëè êàêîé-íèáóäü
äðóãîé îïåðàòîð âûâîäà (\plot(), \prints() è ò. ä.), òî áóäåò âûâî-
äèòñÿ ðåçóëüòàò, ïîëó÷åííûé â ïîñëåäíåì îïåðàòîðå èëè ïîñëåäíåé
íîâîé ïåðåìåííîé.

Êîìàíäû è îïåðàòîðû íà÷èíàþòñÿ ñ ñèìâîëà ¾back slash¿ (\).
Êíîïêà + ïðåäíàçíà÷åíà äëÿ äîáàâëåíèÿ ïîëåé ââîäà. Äëÿ

óäàëåíèÿ ïîëÿ ââîäà ìîæíî âîñïîëüçîâàòüñÿ ñî÷åòàíèåì êëàâèø
Ctrl+Del èëè êðåñòèêîì õ , ðàñïîëîæåííûì íàä ïîëåì ââîäà ñïðà-
âà.

Êíîïêà C , ðàñïîëîæåííàÿ íàä ïîëåì ââîäà ñïðàâà, ïðåäíàçíà-
÷åíà äëÿ îòìåíû âñåõ ââåäåííûõ ðàííåå îáîçíà÷åíèé. Îòìåíà îáî-
çíà÷åíèé ïîçâîëÿåò ïîëó÷àòü ôîðìóëû, â êîòîðûõ ñòîÿò ñèìâîëû,
à íå ÷èñëà.

Â ëåâîé âåðõíåé ÷àñòè ýêðàíà íàõîäÿòñÿ ïîëÿ, â êîòîðûõ óêàçà-
íî òåêóùåå îêðóæåíèå è îáúåì îïåðàòèâíîé ïàìÿòè â ìåãàáàéòàõ.
Îêðóæåíèå ôèêñèðóåòñÿ ÷èñëîâûì ìíîæåñòâîì è èìåíàìè îñíîâ-
íûõ ïåðåìåííûõ. Ïîä ýòèì ïîëåì ðàñïîëîæåíû ðàçëè÷íûå ìåíþ,
êîòîðûå îáëåã÷àþò ââîä ôóíêöèé è îïåðàòîðîâ.

2.1.1. Ðàáîòà ñ ôàéëàìè

Ôóíêöèè äëÿ ðàáîòû ñ ôàéëàìè äîñòóïíû èç ðàñêðûâàþùåéñÿ ïà-
íåëè ¾Ôàéëû¿, ðàñïîëîæåííîé â ìåíþ ñëåâà.
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Ñóùåñòâóþò ñëåäóþùèå âîçìîæíîñòè äëÿ îáðàáîòêè ôàéëîâ:
1) Ñîõðàíåíèå ïîñëåäíåé âûïîëíåííîé ñåêöèè â âèäå ôàéëà PDF

ñ ïîìîùüþ êíîïêè ¾Ñîõðàíèòü PDF¿. Ìîæíî óêàçàòü ñîáñòâåííûé
ðàçìåð ñòðàíèöû (â ñàíòèìåòðàõ), ïî óìîë÷àíèþ óêàçàí ðàçìåð À4
(21õ29.7 ñì).

2) Çàãðóçêà òåêñòîâûõ ôàéëîâ íà ñåðâåð Mathpar ñ ïîìîùüþ
êíîïêè ¾Çàãðóçèòü ôàéë¿. Ïîä ýòîé êíîïêîé ðàñïîëîæåí ñïèñîê çà-
ãðóæåííûõ ôàéëîâ. Ôàéëû äîëæíû ñîäåðæàòü âûðàæåíèÿ íà ÿçûêå
Mathpar èëè òàáëèöû â ñïåöèàëüíîì ôîðìàòå.

Òàáëèöà ñîñòîèò èç ñòðîêè ñ çàãîëîâêîì (ïðîèçâîëüíûå ñòðîêè)
è ñòðîê ñ ÷èñëàìè. Ñòîëáöû îòäåëÿþòñÿ çíàêîì òàáóëÿöèè. Ôóíê-
öèè äëÿ ðàáîòû ñ òàáëèöàìè äîñòóïíû â ðàçäåëå ¾Ãðàôèêè è òàáëè-
öû¿ (ñì. òàêæå ðàçäåë 3.1 Ïîñòðîåíèå ãðàôèêîâ ôóíêöèé ñèñòåìû
ïîìîùè).

3) Ââîä âûðàæåíèé íà ÿçûêå Mathpar èç çàãðóæåííîãî ôàéëà ñ
ïîìîùüþ ôóíêöèè \fromFile(). Íàïðèìåð, ñîçäàòü âûðàæåíèå èç
çàãðóæåííîãî ôàéëà my�le.txt è ïðèñâîèòü ýòî âûðàæåíèå ïåðåìåí-
íîé a ìîæíî êîìàíäîé a = \fromFile(′myfile.txt′).

2.2. Ìàòåìàòè÷åñêèå ôóíêöèè

Ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ýëåìåíòàðíûõ ôóíêöèé è
êîíñòàíò.

2.2.1. Êîíñòàíòû

\i � ìíèìàÿ åäèíèöà,
\e � îñíîâàíèå íàòóðàëüíîãî ëîãàðèôìà,
\pi � ÷èñëî π, òî åñòü îòíîøåíèå äëèíû îêðóæíîñòè ê äèàìåòðó,
\infty � çíàê áåñêîíå÷íîñòè.

2.2.2. Ôóíêöèè îäíîãî àðãóìåíòà

\ln � íàòóðàëüíûé ëîãàðèôì,
\lg � äåñÿòè÷íûé ëîãàðèôì,
\sin � ñèíóñ,
\cos � êîñèíóñ,
\tg � òàíãåíñ,
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\ctg � êîòàíãåíñ,
\arcsin � àðêñèíóñ,
\arccos � àðêêîñèíóñ,
\arctg � àðêòàíãåíñ,
\arcctg � àðêêîòàíãåíñ,
\sh � ñèíóñ ãèïåðáîëè÷åñêèé,
\ch � êîñèíóñ ãèïåðáîëè÷åñêèé,
\th � òàíãåíñ ãèïåðáîëè÷åñêèé,
\cth � êîòàíãåíñ ãèïåðáîëè÷åñêèé,
\arcsh � àðêñèíóñ ãèïåðáîëè÷åñêèé,
\arcch � àðêêîñèíóñ ãèïåðáîëè÷åñêèé,
\arcth � àðêòàíãåíñ ãèïåðáîëè÷åñêèé,
\arccth � àðêêîòàíãåíñ ãèïåðáîëè÷åñêèé,
\exp � ýêñïîíåíòà,
\sqrt � êîðåíü êâàäðàòíûé,
\abs � àáñîëþòíîå çíà÷åíèå äëÿ äåéñòâèòåëüíûõ ÷èñåë, ìîäóëü

äëÿ êîìïëåêñíîãî ÷èñëà,
\sign � çíàê ÷èñëà. Âîçâðàùàåò 1, 0, -1, êîãäà ÷èñëî ïîëîæè-

òåëüíîå, íîëü èëè îòðèöàòåëüíîå, ñîîòâåòñòâåííî,
\unitStep(x) � ýòî ôóíêöèÿ, êîòîðàÿ ïðè x ⩾ 0 ïðèíèìàåò çíà-

÷åíèå 1, à ïðè x < 0 ïðèíèìàåò çíà÷åíèå 0;
\fact � ôàêòîðèàë. Îïðåäåëåí äëÿ öåëûõ ïîëîæèòåëüíûõ ÷èñåë.

Ðàâíîñèëüíàÿ çàïèñü � ¾n!¿.

2.2.3. Ôóíêöèè äâóõ àðãóìåíòîâ̂� ñòåïåíü,
\log � ëîãàðèôì îò ôóíêöèè ïî óêàçàííîìó îñíîâàíèþ,
\rootOf(x, n) � êîðåíü ñòåïåíè n èç x,
\Gamma � ôóíêöèÿ Ãàììà,
\Gamma2 � ôóíêöèÿ Ãàììà 2,
\binomial � ÷èñëî ñî÷åòàíèé.

Ïðèìåðû.

SPACE = R64[x, y];

f1 = \sin(x);

f2 = \sin(\cos(x + \tg(y)));

f3 = \sin(x^2) + y;

\print(f1, f2, f3);
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Ðåçóëüòàò âûïîëíåíèÿ:
SPACE = R64[x, y];
f1 = sin(x);
f2 = sin(cos(x+ tg(y)));
f3 = sin(x2) + y.

2.3. Äåéñòâèÿ ñ ôóíêöèÿìè

Äëÿ ïåðå÷èñëåííûõ âûøå ôóíêöèé è èõ êîìïîçèöèé ìîæíî âû-
÷èñëèòü çíà÷åíèå ôóíêöèè â òî÷êå, ïîäñòàâèòü âûðàæåíèÿ â ôóíê-
öèþ âìåñòî àðãóìåíòîâ, âû÷èñëèòü ïðåäåë ôóíêöèè, åå ïðîèçâîä-
íóþ. Äëÿ ýòîãî îïðåäåëåíû ñëåäóþùèå êîìàíäû.

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè â òî÷êå íåîáõîäèìî âûïîë-
íèòü êîìàíäó
\value(f, [var1, var2, . . . , varn]), ãäå f � ôóíêöèÿ, à
var1, var2, . . . , varn � çíà÷åíèÿ ñîîòâåòñòâóþùèõ ïåðåìåííûõ
êîëüöà. Äëÿ ïîäñòàíîâêè âûðàæåíèé â ôóíêöèþ íåîáõîäèìî
âûïîëíèòü êîìàíäó
\value(f, [func1, func2, . . . , funcn]), ãäå f � ýòî ôóíêöèÿ,
func1, func2, . . . , funcn � ôóíêöèè, êîòîðûå ïîäñòàâëÿþòñÿ
âìåñòî ñîîòâåòñòâóþùèõ ïåðåìåííûõ.

Äëÿ âû÷èñëåíèÿ ïðåäåëà ôóíêöèè â òî÷êå íåîáõîäèìî âûïîë-
íèòü êîìàíäó
\lim(f, var), ãäå f � ýòî ôóíêöèÿ, à var � òî÷êà, â êîòîðîé òðåáó-
åòñÿ íàéòè ïðåäåë.

Äëÿ âû÷èñëåíèÿ ïðîèçâîäíîé ôóíêöèè f ïî ïåðåìåííîé y èç
êîëüöà Z[x, y, z] íåîáõîäèìî âûïîëíèòü êîìàíäó \D(f, y). Äëÿ íà-
õîæäåíèÿ ñìåøàííîé ïðîèçâîäíîé ïåðâîãî ïîðÿäêà îò ôóíêöèè f
ñóùåñòâóåò êîìàíäà \D(f, [x, y]), äëÿ íàõîæäåíèÿ ïðîèçâîäíîé âûñ-
øèõ ïîðÿäêîâ íóæíî èñïîëüçîâàòü êîìàíäó \D(f, [x̂ k, ẑm, ŷ n]),
ãäå k,m, n óêàçûâàþò, êàêîãî ïîðÿäêà ïî ñîîòâåòñòâóþùåé ïåðåìåí-
íîé âû÷èñëÿåòñÿ ïðîèçâîäíàÿ.

Ïðèìåðû.

SPACE = R[x, y];

f = \sin(x^2 + \tg(y^3 + x));

g = \value(f, [1, 2]);

\print(g);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

f = sin(x2 + tg(y3 + x));
g = value(f, [1, 2]);
print(g);

out: g = 0.52;

SPACE = Z[x, y];

f = x + y;

g = f^2;

r = \value(f, [x^2, y^2]);

\print(g, f, r);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

f = x+ y;
g = f2;
r = value(f, [x2, y2]);
print(g, f, r);

out: g = y2 + 2yx+ x2;
f = y + x;
r = x2 + y2

SPACE = R64[x];

f = \sin(x) / x;

g = \lim(f, 0);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

f = sin(x)/x;
g = lim(f, 0);
print(g);

out: g = 1.00;

SPACE = Z[x, y];

f = \sin(x^2 + \tg(y^3 + x));

h = \D(f, y);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];
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f = sin(x2 + tg(y3 + x));
h = D(f, y);
print(h);

out: h = 3y2cos(x2 + tg(y3 + x))/(cos(y3 + x))2;

2.4. Ðåøåíèå àëãåáðàè÷åñêèõ óðàâíåíèé

Äëÿ ðåøåíèÿ àëãåáðàè÷åñêèõ óðàâíåíèé íóæíî âûïîëíèòü êî-
ìàíäó \solve. Íèæå èñïîëüçóåòñÿ êîìàíäà íàñòðîéêè îêðóæåíèÿ
¾FLOATPOS=N¿. Îíà óñòàíàâëèâàåò ÷èñëî äåñÿòè÷íûõ çíàêîâ ïî-
ñëå çàïÿòîé (N), êîòîðûå äîëæíû ïîÿâèòüñÿ ïðè âûâîäå ÷èñëîâîãî
ðåçóëüòàòà ïðèáëèæåííûõ âû÷èñëåíèé. Îíà íå ñâÿçàíà ñ ïðîöåññîì
âû÷èñëåíèé, à òîëüêî ñ âûâîäîì. Ïî óìîë÷àíèþ FLOATPOS = 2.

Ïðèìåðû.
SPACE = R64[x];

b = \solve(x^2 - 5x + 6 = 0);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

b = solve(x2 − 5x+ 6 = 0);
out: [2.00, 3.00];

SPACE = R64[x];

FLOATPOS = 6;

b = \solve(x^4 + 2x + 1 = 0);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

FLOATPOS = 6;
b = solve(x4 + 2x+ 1 = 0);

out: [−0.543689,−1.000000];

SPACE = R64[x];

FLOATPOS = 0;

b = \solve(x^3 + 3x^2 + 3x + 1 = 0);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

FLOATPOS = 0;
b = solve(x3 + 3x2 + 3x+ 1 = 0);

out: −1.
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2.5. Ðåøåíèå àëãåáðàè÷åñêèõ íåðàâåíñòâ

Äëÿ ðåøåíèÿ àëãåáðàè÷åñêèõ íåðàâåíñòâ íóæíî âûïîëíèòü êî-
ìàíäó \solve, â êîòîðîé çàïèñàíî íåðàâåíñòâî. Ìîæíî ðåøàòü ñòðî-
ãèå è íå ñòðîãèå àëãåáðàè÷åñêèå íåðàâåíñòâà. Îòêðûòûé èíòåðâàë
îáîçíà÷àåòñÿ êðóãëûìè ñêîáêàìè ( ), à çàêðûòûé èíòåðâàë � êâàä-
ðàòíûìè ñêîáêàìè [ ], ìíîæåñòâî îáîçíà÷àåòñÿ ôèãóðíûìè ñêîáêà-
ìè { }.

SPACE = R[x];

b = \solve(x^2-5x+6 < 0);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x];

b = solve(x2 − 5x+ 6 < 0);
out: (2, 3).

SPACE = R[x];

b = \solve((x+1)^2(x-3)(x+5) \ge 0);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x];

b = solve((x+ 1)2(x− 3)(x+ 5) ≥ 0);
out: (−∞,−5] ∪ −1 ∪ [3,∞).

SPACE = R[x];

b = \solve((x^2+11x+28)/(x+5) \le 0);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x];

b = solve((x2 + 11x+ 28)/(x+ 5) ≤ 0);
out: (−∞,−7] ∪ (−5,−4].

SPACE = Q[x];

b = \solve(x^2 + 4x - 7 = 0);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x];

b = solve((x2 + 4x− 7 = 0);
out: [(

√
11 + (2)), (2−

√
11)];.
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2.6. Ðåøåíèå ñèñòåì àëãåáðàè÷åñêèõ

íåðàâåíñòâ

Äëÿ ðåøåíèÿ ñèñòåì àëãåáðàè÷åñêèõ íåðàâåíñòâ íóæíî âûïîë-
íèòü êîìàíäó \solve[In1, In2, ..., Ink], ãäå [In1, In2, ..., Ink] � âåê-
òîð íåðàâåíñòâ. Ñèñòåìà ìîæåò ñîäåðæàòü ñòðîãèå è íå ñòðîãèå àë-
ãåáðàè÷åñêèå íåðàâåíñòâà. Îòêðûòûé èíòåðâàë îáîçíà÷àåòñÿ êðóã-
ëûìè ñêîáêàìè ( ), à çàêðûòûé èíòåðâàë � êâàäðàòíûìè ñêîáêàìè
[ ], ìíîæåñòâî îáîçíà÷àåòñÿ ôèãóðíûìè ñêîáêàìè { }.

SPACE = R[x];

b = \solve([x^2+4x-5 > 0, x^2-2x-8 < 0]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x];

b = solve([x2 + 4x− 5 > 0, x2 − 2x− 8 < 0]);
out: (1, 4).

SPACE = R[x];

b = \solve([x^2-x-6 \ge 0, x^2-4x-12 < 0]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x];

b = solve([x2 − x− 6 ≥ 0, x2 − 4x− 12 < 0]);
out: (−4,−2] ∪ [3, 4).

SPACE = R[x];

b = \solve([x^2-4 < 0, x+1 > 0, 0.5-x > 0]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x];

b = solve([x2 − 4 < 0, x+ 1 > 0, 0.5− x > 0]);
out: (−1, 0.5).

2.7. Îïåðàöèè íà ïîäìíîæåñòâàõ äåé-

ñòâèòåëüíûõ ÷èñåë

Ïîäìíîæåñòâî, ñîäåðæàùåå íåñêîëüêî èíòåðâàëîâ ìîæíî çàäàòü
òàê \set((a, b), (c, d]) , ãäå a, b, c, d � ÷èñëà. Çäåñü èíòåðâàë îáîçíà÷à-
åòñÿ êðóãëûìè ñêîáêàìè ( ), ïîëóîòêðûòûé èíòåðâàë � îäíîé êðóã-
ëîé è îäíîé êâàäðàòíîé ñêîáêîé [ ) èëè ( ], à îòðåçîê � êâàäðàòíûìè
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ñêîáêàìè [ ]. Òî÷êà îáîçíà÷àåòñÿ ôèãóðíûìè ñêîáêàìè { } èëè êàê
çàêðûòûé èíòåðâàë.

Ïðîñòûå ïîäìíîæåñòâà îáîçíà÷àþòñÿ òàêèìè æå ñêîáêàìè, íî
ïåðåä êàæäîé ñêîáêîé íåîáõîäèìî äîáàâëÿòü backslash (\). Íàïðè-
ìåð \(3, 4.5)\] èëè \[7, 7\]. Îïåðàòîð \set íå òðåáóåòñÿ.

SPACE = R64[x];

a = \set((-2,1),[2,5),(5.75,6],{8});

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x]; a = set((−2, 1), [2, 5), (5.75, 6], 8);
out: ((−2), 1) ∪ [2, 5) ∪ (5.75, 6] ∪ {8}.

SPACE = R64[x];

a = \set((-2,1),(0,5));

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x];

a = set((−2, 1), (0, 5));
out: ((−2), 5);.

Ñ ïîäìíîæåñòâàìè ìîæíî ñîâåðøàòü îïåðàöèè îáúåäèíåíèÿ, ïå-
ðåñå÷åíèÿ, âû÷èòàíèÿ, âû÷èñëåíèÿ ñèììåòðè÷åñêîé ðàçíîñòè è äî-
ïîëíåíèÿ ïðè ïîìîùè êîìàíä \cup è \cap, \setminus, \triangle è
çíàêà àïîñòðîô (') ñîîòâåòñòâåííî.

SPACE = R64[x];

A=\(1,3\)\cup\[5,16\);

B=\(2,4\)\cup\[10,20\);

C=A\cup B;

D=A\cap B;

E=A\triangle B;

F=A \setminus B;

G=A';

\print(C,D,E,F,G);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];
A = (1, 3) ∪ [5, 16);
B = (2, 4) ∪ [10, 20);
C = A ∪B;
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D = A ∩B;
E = A△B;
F = A \B;
G = A′;
print(C,D,E, F,G);
out: C = (1, 4) ∪ [5, 20)
D = (2, 3) ∪ [10, 16)
E = (1, 2] ∪ [3, 4) ∪ [5, 10) ∪ [16, 20)
F = (1, 2] ∪ [5, 10)
G = (−∞, 1] ∪ [3, 5) ∪ [16,∞)
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2.8. Âåêòîðû è ìàòðèöû

Äëÿ çàäàíèÿ âåêòîðà íóæíî ïåðå÷èñëèòü åãî ýëåìåíòû â êâàä-
ðàòíûõ ñêîáêàõ. Òàê çàäàþòñÿ âåêòîð-ñòðîêè. Äëÿ çàäàíèÿ ìàòðèöû
íóæíî çàêëþ÷èòü â êâàäðàòíûå ñêîáêè åå âåêòîð-ñòðîêè, ðàçäåëåí-
íûå çàïÿòûìè, íàïðèìåð, A = [[1, 2], [3, 4]].

Ïîäìàòðèöó ðàçìåðà Nr × Nc ìàòðèöû A îïðåäåëÿåò êîìàíäà
\submatrix(A, r1, Nr, c1, Nc). Çäåñü r1, c1 � ýòî ïîçèöèÿ âåðõíåãî
ëåâîãî ýëåìåíòà.

Ýëåìåíò ìàòðèöû ìîæíî ïîëó÷èòü, óêàçàâ íîìåð ñòðîêè è ñòîëá-
öà â íèæíèõ èíäåêñàõ ó ýëåìåíòà ìàòðèöû, à ýëåìåíò âåêòîðà ìîæ-
íî ïîëó÷èòü óêàçàâ îäèí èíäåêñ. Íàïðèìåð, ìîæíî îïðåäåëèòü ýëå-
ìåíòû ìàòðèöû òàê: a = \elementOf(A), è ïîòîì îáðàùàòüñÿ ê îò-
äåëüíûì ýëåìåíòàì: a_{i, j}. Èëè æå îïðåäåëèòü ýëåìåíòû âåêòîðà
B òàê: b = \elementOf(B), çàòåì îáðàùàòüñÿ ê íèì b_{i}.

Ìîæíî ïîëó÷èòü ñòðîêó i ìàòðèöû â âèäå âåêòîð-ñòðîêè:
a_{i, ?} èëè ñòîëáåö ìàòðèöû j â âèäå âåêòîð-ñòîëáöà: a_{?, j}.

Èìåíà íåêîììóòàòèâíûõ îáúåêòîâ, íàïðèìåð ìàòðèö è âåêòî-
ðîâ, ïîëîæåíî ïèñàòü ñ ïåðâûì ñèìâîëîì backslash (\) è çàãëàâ-
íîé ëàòèíñêîé áóêâû, åñëè ïðåäïîëàãàåòñÿ èõ èñïîëüçîâàòü â òàêèõ
âûðàæåíèÿõ, â êîòîðûõ íåëüçÿ äîïóñêàòü ïåðåñòàíîâîê. Íàïðèìåð
\A ∗ \B − \B ∗ \A íå ïðèâåäåò àâòîìàòè÷åñêè ê íóëþ, â îòëè÷èå îò
A ∗B −B ∗A, ÷òî ñðàçó óïðîñòèòñÿ â 0.

Äëÿ îáîçíà÷åíèÿ íóëåâîé è åäèíè÷íîé ìàòðèöû èñïîëüçóþòñÿ
çàãëàâíûå áóêâû \O è \I, ó êîòîðûõ óêàçàíû äâà èíäåêñà, îáîçíà÷à-
þùèõ ÷èñëî ñòðîê è ñòîëáöîâ. Ñ ïîìîùüþ ñèìâîëà \I ìîæíî ñîçäà-
âàòü ïðÿìîóãîëüíûå ìàòðèöû ëþáîãî ðàçìåðà, ó êîòîðûõ ýëåìåíòû
íà ãëàâíîé äèàãîíàëè ðàâíû 1, à îñòàëüíûå ýëåìåíòû íóëåâûå. Íà-

ïðèìåð, \I_{2, 3} è \O_{2, 2} îáîçíà÷àþò ìàòðèöû

(
1 0 0
0 1 0

)
è

(
0 0
0 0

)
. Ìîæíî çàäàâàòü íóëåâûå âåêòîðû, óêàçûâàÿ â èíäåê-

ñå ÷èñëî ýëåìåíòîâ: \O_{3} îáîçíà÷àåò âåêòîð [0, 0, 0], à I_{3}
îáîçíà÷àåò âåêòîð [1, 0, 0].

Îòìåòèì, ÷òî â êà÷åñòâå îäíîìåðíûõ è äâóìåðíûõ ìàññèâîâ
â ÿçûêå Mathpar èñïîëüçóþòñÿ âåêòîðû è ìàòðèöû, íàïðèìåð,
O_{n}, O_{n,m}.

Âåêòîð-ñòîëáåö ìîæåò áûòü îáðàçîâàí òðàíñïîíèðîâàíèåì

24



âåêòîð-ñòðîêè, íàïðèìåð, D = [7, 2, 3]T � ýòî âåêòîð-ñòîëáåö èç
òðåõ ýëåìåíòîâ. Êðîìå îáû÷íûõ àðèôìåòè÷åñêèõ îïåðàöèé (+,-,*)
ìîæíî âû÷èñëÿòü ôóíêöèè îò âåêòîðîâ ïîýëåìåíòíî.

Ïðèìåð 1.

SPACE = Z[x];

A = [[x, 4], [y, 5]];

V = [x, y, 1, 2, x^6];

\print(A, V);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
x 4
y 5

)
;

V = [x, y, 1, 2, x6];
print(A, V );

out: A =

(
x 4
y 5

)
;

V = [x, y, 1, 2, x6];
Ïðèìåð 2.

SPACE = Z[x, y];

A = [[3, 4], [3, 1]];

B = [[2, 5], [4, 7]];

C = A + B;

G = A - B;

T = A * B;

\print(C, G, T);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
3 4
3 1

)
;

B =

(
2 5
4 7

)
;

C = A+B;
G = A−B;
T = A ∗B;
print(C,G, T );
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out: C =

(
5 9
7 8

)
;

G =

(
1 −1
−1 −6

)
;

T =

(
22 43
10 22

)
;

Ïðèìåð 3.

SPACE = Z[x];

A = [[1, 4], [-4, 5]];

a = \elementOf(A);

det = a_{1, 1} * a_{2, 2} - a_{1, 2} * a_{2, 1};

\print(det);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 4
−4 5

)
;

det = a1,1 ∗ a2,2 − a1,2 ∗ a2,1;
print(det);

out: det = 21;
Ïðèìåð 4.

SPACE = Z[x, y];

A = [[x^2, y], [4, x+y]];

a = \elementOf(A);

B = a_{1, ?};

C = a_{?, 2};

b = \elementOf(B);

c = \elementOf(C);

h = b_{2} * c_{1, 1};

\print(B, C, h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
x2 y
4 x+ y

)
;

a = \elementOf(A);
B = a1,?;
C = a?,2;
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b = \elementOf(B); c = \elementOf(C);
h = b2 · c1;
print(B,C, h);

out: B =

(
x2

4

)
;

C =
(
4 y + x

)
;

h = (y2);
Ïðèìåð 5.

SPACE = Z[x, y];

A = 3x * \I_{2, 2};

B = \O_{3, 3};

\print(A, B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A = 3x ∗ I2,2;
B = O3,3;
print(A,B);

out: A =

(
3x 0
0 3x

)
;

B =

 0 0 0
0 0 0
0 0 0

 .

Ïðèìåð 6.

SPACE = R64[x];

A = [\pi / 2, \pi];

B = \sin(A);

C = \value(B);

\print(A, B, C);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

A = [π/2, π];
B = sin(A);
C = value(B);
print(A,B,C);

out: A = [π/2, π];
B = sin([π/2, π]);
C = [1, 0];

27



2.9. Ñîçäàíèå ñëó÷àéíûõ ýëåìåíòîâ

Mathpar ìîæåò ñîçäàâàòü ñëó÷àéíûå ÷èñëà, ïîëèíîìû è ìàòðè-
öû. Ýòî óäîáíî, êîãäà Âàì íóæíî ñîçäàòü íåêîòîðûé ïðîèçâîëüíûé
ñëîæíûé îáúåêò èëè òðåáóåòñÿ ïîëó÷èòü ìíîãî ñëó÷àéíûõ îáúåê-
òîâ.

2.9.1. Ñîçäàíèå ñëó÷àéíûõ ÷èñåë

Äëÿ òîãî ÷òîáû ïîëó÷èòü ñëó÷àéíîå ÷èñëî, íåîáõîäèìî âûïîëíèòü
êîìàíäó \randomNumber(k), ãäå â àðãóìåíòå k óêàçûâàåòñÿ êîëè-
÷åñòâî äâîè÷íûõ ðàçðÿäîâ â çàïèñè ñëó÷àéíîãî ÷èñëà. Ýòî ñîîòâåò-
ñòâóåò ïðèìåðíî 0.3k äåñÿòè÷íûì öèôðàì.

Ïðèìåð.

SPACE = Z[x, y, z];

a = \randomNumber(10);

b = \randomNumber(100);

\print(a, b);

Ðåçóëüòàò âûïîëíåíèÿ:
SPACE = Z[];
a = 944;
b = 850800798881527094755736477974.

2.9.2. Ñîçäàíèå ñëó÷àéíûõ ïîëèíîìîâ

Äëÿ òîãî ÷òîáû ñîçäàòü ñëó÷àéíûé ïîëèíîì îò
s ïåðåìåííûõ, íåîáõîäèìî âûïîëíèòü êîìàíäó
\randomPolynom(d1, d2, . . . , ds, dens, bits), ãäå dens � ïëîò-
íîñòü ïîëèíîìà, à bits � êîëè÷åñòâî äâîè÷íûõ ðàçðÿäîâ â çàïèñè
ñëó÷àéíîãî ÷èñëà, d1, d2, . . . , ds îçíà÷àþò ñòàðøèå ñòåïåíè ïåðå-
ìåííûõ. Åñëè dens = 100, òî áóäåò ïîëó÷åí ïîëèíîì, ó êîòîðîãî
âñå êîýôôèöèåíòû îòëè÷íû îò íóëÿ, âñåãî (d1 + 1)(d2 + 1)..(ds+ 1)
÷ëåíîâ. Åñëè dens < 100, òî dens% áóäóò íåíóëåâûå, à (100−dens)%
íóëåâûõ.

Ïðèìåð.

SPACE = Z[x, y, z];

f = \randomPolynom(4, 4, 10, 5);
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g = \randomPolynom(4, 4, 10, 5);

h = f + g;

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:
f = y3x3;
g = 10yx3 + 2y;
h = y3x3 + 10yx3 + 2y;

2.9.3. Ñîçäàíèå ñëó÷àéíûõ ìàòðèö

Äëÿ òîãî ÷òîáû ïîëó÷èòü ñëó÷àéíóþ ÷èñëîâóþ ìàòðèöó, íåîáõîäè-
ìî âûïîëíèòü êîìàíäó \randomMatrix(m,n, dens, bits), ãäå m �
êîëè÷åñòâî ñòðîê â ìàòðèöå, n � êîëè÷åñòâî ñòîëáöîâ ìàòðèöû,
dens � ýòî ïëîòíîñòü ìàòðèöû â ïðîöåíòàõ, bits � ÷èñëî äâîè÷íûõ
ðàçðÿäîâ â çàïèñè ÷èñëîâûõ êîýôôèöèåíòîâ.

Äëÿ òîãî ÷òîáû ïîëó÷èòü ñëó÷àéíóþ ïîëèíî-
ìèàëüíóþ ìàòðèöó, íåîáõîäèìî âûïîëíèòü êîìàíäó
\randomMatrix(m,n, dens, d1, d2, . . . , ds, polDens, polBits)), ãäå
m � êîëè÷åñòâî ñòðîê â ìàòðèöå, n � êîëè÷åñòâî ñòîëáöîâ ìàò-
ðèöû, dens � ýòî ïëîòíîñòü ìàòðèöû, d1, d2, . . . , ds � íàèáîëüøèå
ñòåïåíè ïåðåìåííûõ ïîëèíîìîâ, polDens � ïëîòíîñòü ïîëèíîìîâ,
polBits � êîëè÷åñòâî äâîè÷íûõ ðàçðÿäîâ â çàïèñè êîýôôèöèåíòîâ
ïîëèíîìîâ.

Ïðèìåð.

SPACE = Z[x, y, z];

matr_n = \randomMatrix(4, 4, 100, 5);

matr_p = \randomMatrix(2, 2, 100, 2, 2, 25, 2);

\print(matr_n, matr_p);

Ðåçóëüòàò âûïîëíåíèÿ

matrn =


22 2 10 28
23 28 1 19
30 24 19 12
27 22 22 17

 ;

matrp =

(
6z3x+ 7z3 + 5z2 + 3y 7z4x+ 2z4 + 7zyx+ 5x

z4yx+ 2zy + 7y + 7x+ 4 7z2x+ 7zx+ z + 6x

)
.
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2.10. Êîíòðîëüíûå çàäàíèÿ

Â Mathpar âû÷èñëèòå:

� ln 5, sin 5, cos 3, cot 7, arctan 1, sh 0, arcch 0.5, exp 8, 12!,
√
100,

�

√
sin2(5x− 1) + expx/ cos(2x) ïðè x = 0.1, x = 1,

� log3 8,
3
√
50,

� çíà÷åíèå ôóíêöèè f = sin(cos(x+ tan(y))) ïðè x = 0.2 è y = 1.

� Ñîçäàéòå äâà ñëó÷àéíûõ âåêòîðà ðàâíîé äëèíû. Íàéäèòå èõ
ñóììó è ïðîèçâåäåíèå.
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Ãëàâà 3

Ïîñòðîåíèå 2D è 3D

ãðàôèêîâ

3.1. Ïîñòðîåíèå ãðàôèêîâ ôóíêöèé

Mathpar ïîçâîëÿåò ñòðîèòü òàáëè÷íûå ãðàôèêè (tableP lot), ãðà-
ôèêè ôóíêöèé, êîòîðûå çàäàíû ÿâíî (plot) èëè ïàðàìåòðè÷åñêè
(paramPlot). Ìîæíî ñòðîèòü íåñêîëüêî ðàçíûõ ãðàôèêîâ â îäíîé
ñèñòåìå êîîðäèíàò(showP lots).

Îêðóæåíèå äëÿ ïîñòðîåíèÿ ãðàôèêîâ çàäàåòñÿ êîìàíäîé
\set2D(). Åñëè ó êîìàíäû \set2D() íåò ïàðàìåòðîâ, òî ãðàíèöû
äëÿ ãðàôèêîâ ðàñ÷èòûâàþòñÿ àâòîìàòè÷åñêè, à äëÿ ÿâíûõ ôóíê-
öèé âûáèðàåòñÿ èíòåðâàë [0, 1] ïî îñè àáñöèññ. Íàèìåíîâàíèÿ îñåé
êîîðäèíàò áóäåò X è Y , ñîîòâåòñòâåííî. Çàãîëîâîê ó ãðàôèêà áóäåò
îòñóòñòâîâàòü.

Åñëè êîìàíäà \set2D() ïîëüçîâàòåëåì íå çàäàâàëàñü, òî àâòîìà-
òè÷åñêè óñòàíàâëèâàåòñÿ \set2D() áåç ïàðàìåòðîâ â íà÷àëå ñåàíñà
äàííîãî ïîëüçîâàòåëÿ.

Cóùåñòâóåò 2 ôîðìàòà � ïîëíûé è ñîêðàùåííûé.

Ïîëíûé ôîðìàò ïðåäïîëàãàåò 3 ãðóïïû ïàðàìåòðîâ, êàæäàÿ èç
êîòîðûõ ïèøåòñÿ â êâàäðàòíûõ ñêîáêàõ:
\set2D([x0, x1, y0, y1], [′xT itle′,′ yT itle′,′ title′], [0, 1, 12, 3, 5]).

Ïåðâàÿ êâààäðàòíàÿ ñêîáêà îïðåäåëÿåò ãðàíèöû ãðàôèêà. Ýòà
ñêîáêà äîëæíà îáÿçàòåëüíî ïðèñóòñòâîâàòü. Â ïåðâîé ñêîáêå ìîæ-
íî óêàçûâàòü òîëüêî 2 ÷èñëà - ãðàíèöû ïî îñè àáñöèññ, ïðè ýòîì
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ãðàíèöû ïî âåðòèêàëüíîé îñè ðàñ÷èòûâàþòñÿ àâòîìàòè÷åñêè.

Âòîðàÿ êâààäðàòíàÿ ñêîáêà ýòî íàäïèñè ê îñÿì êîîðäèíàò è ïîä-
ïèñü êî âñåìó ðèñóíêó. Åñëè â ýòîé ñêîáêå 2 àðãóìåíòà � òî ýòî
ïåðâûå äâà � ïîäïèñè ê îñÿì, à åñëè òîëüêî îäèí àðãóìåíò � òî ýòî
íàçâàíèå ê ðèñóíêó.

Òðåòüÿ êâààäðàòíàÿ ñêîáêà ñîäåðæèò 5 ÷èñåë:
1) 1 � îçíà÷àåò: óñòàíîâèòü ðåæèì ÷åðíî-áåëûé (0 - öâåòíîé)
2) 1 � îçíà÷àåò: óñòàíîâèòü ðàâíûé ìàñøòàá ïî îáåèì îñÿì (0-
çîëîòîå ñå÷åíèå)
3) ýòî ðàçìåð øðèôòà äëÿ ïîäïèñåé
4) ýòî òîëùèíà ëèíèé ãðàôèêîâ
5) ýòî òîëùèíà êîîðäèíàòíûõ îñåé

Åñòü äëÿ ýòîé ñêîáêè è 3 ñîêðàùåííûõ âàðèàí-
òà:['ES'],['BW'],['ESBW']. Îíè, ñîîòâåòñòâåííî, óñòàíàâëèâàþò
â çíà÷åíèå 1 èëè ïåðâûé ïàðàìåòð, èëè âòîðîé ïàðàìåòð, èëè îáà.

Ëþáàÿ èç 2õ ïîñëåäíèõ ñêîáîê ìîæåò îòñóòñòâîâàòü, ìîãóò îò-
ñóòñòâîâàòü è îáå.

Ñóùåñòâóåò 7 ñîêðàùåíûõ âàðèàíòîâ äëÿ ýòîé êîìàíäû:
1) \set2D();
2) \set2D(x0, x1);
3) \set2D(x0, x1,′ title′);
4) \set2D(x0, x1, y0, y1);
5) \set2D(x0, x1, y0, y1,′ title′);
6) \set2D(x0, x1,′ title′,′ nameOX ′,′ nameOY ′);
7) \set2D(x0, x1, y0, y1,′ title′,′ nameOX ′,′ nameOY ′).

×èñëà x0 è x1 (x0 < x1) çàäàþò èíòåðâàë ïî îñè OX. ×èñëà y0
è y1 (x0 < x1) çàäàþò èíòåðâàë ïî îñè OY . Åñëè ýòè ïàðàìåòðû íå
çàäàíû, òî ðàñ÷èòûâàþòñÿ àâòîìàòè÷åñêè. nameOX � ïîäïèñü íà
îñè OX, nameOY � ïîäïèñü íà îñè OY , title � çàãîëîâîê ãðàôèêà.

Êðîìå ýòîãî, ðàçðåøàåòñÿ çàäàòü åùå îäèí èëè äâà êëþ÷à, êî-
òîðûå äîëæíû ñòîÿòü ïîñëåäíèìè â ñïèñêå ïàðàìåòðîâ: BW è ES.
BW óêàçûâàåò íà ïîñòðîåíèå ÷åðî-áåëîãî ãðàôèêà. ES óêàçûâàåò
íà ðàâåíñòâî ìàñøòàáà øêàëû x ìàñøòàáó øêàëû . Âñåãî èìååòñÿ
7 ∗ 4 = 28 ðàçíûõ ñïîñîáîâ çàäàíèÿ ïàðàìåòðîâ îêðóæåíèÿ.

Õàðàêòåð ëèíèè, êîòîðàÿ èçîáðàæàåòñÿ íà ãðàôèêå êàæäîé èç
ôóíêöèé (plot, tableP lot, paramPlot) ìîæåò áûòü ðàçíûé: ñïëîøíàÿ
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ëèíèÿ, ïóíêòèðíàÿ ëèíèÿ è ëèíèÿ, êîòîðàÿ îêàí÷èâàåòñÿ ñòðåë-
êîé. Äëÿ ýòîãî ïðåäíàçíà÷åíû ïàðàìåòû: 'dash' (ïóíêòèð), 'arrow'
(ñòðåëêè) è èõ ñî÷åòàíèå 'dashAndArrow', êîòîðûå äîëæíû ñòîÿòü
â êîíöå ñïèñêà ïàðàìåòðîâ ýòèõ ôóíêöèé.

Íàïðèìåð, \plot(x2 + 1,′ dash′).
Åñëè íåñêîëüêèì îòäåëüíûì ãðàôèêàì ïðèñâîåíû èìåíà, íà-

ïðèìåð, P=\plot(x2); Q=\tablePlot([[1, 2], [3, 4]]); â ýòîì ñëó÷àå èõ
ìîæíî èçîáðàçèòü âìåñòå ñ ïîìîùüþ êîìàíäû \showPlots([P,Q]).

Ó ýòîé êîìàíäû åñòü äîïîëíèòåëüíûå îïöèè 'noAxes' � íå èçîá-
ðàæàòü îñè êîîðäèíàò è 'lattice' � èçîáðàæàòü ñåòêó. Íàïðèìåð,
\showPlots([P,Q],′ lattice′).

Ïîëó÷åííûé ãðàôèê ìîæíî çàãðóçèòü ñ ñàéòà. Äëÿ ýòîãî ïîä

ïîëåì ââîäà íóæíî êëèêíóòü íà êíîïêó Çàãðóçèòü , è ôàéë ñ ãðà-

ôèêîì áóäåò çàãðóæåí íà êîìïüþòåð ïîëüçîâàòåëÿ.

3.1.1. ßâíîå çàäàíèå ôóíêöèè

Äëÿ ïîñòðîåíèÿ ãðàôèêà ôóíêöèè f = f(x) èñïîëüçóåòñÿ êîìàíäà
\plot(f). Äðóãèå âàðèàíòû êîìàíä:
1) \plot(f, [x0, x1]), ãäå [x0, x1] � èíòåðâàë ïî îñè OX;
2) \plot(f, [x0, x1],′ options′), ãäå [x0, x1] � èíòåðâàë ïî îñè OX,
'options' � ïðèíèìàåò ñëåäóþùèå çíà÷åíèÿ:
1)'dash' � ãðàôèê áóäåò èçîáðàæåí ïóíêòèðîì;
2)'arrow' � ïîñëåäíÿÿ òî÷êà ãðàôèêà áóäåò íàðèñîâàíà ñî ñòðåëêîé;
3)'dashAndArrow' � ãðàôèê áóäåò èçîáðàæåí ïóíêòèðîì è ïîñëåä-
íÿÿ òî÷êà ãðàôèêà áóäåò íàðèñîâàíà ñî ñòðåëêîé.
3) \plot(f,′ options′).

Ìîæíî ñòðîèòü ãðàôèêè ôóíêöèé, ñîäåðæàùèõ ïàðàìåòðû. Ýòè
ïàðàìåòðû íåîáõîäèìî îïðåäåëèòü êàê ïåðåìåííûå â çàäàíèè îêðó-
æåíèÿ (ñì. ïðèìåð 3). Ïàðàìåòðû ìîãóò ïðèíèìàòü çíà÷åíèÿ èç
îòðåçêà [0; 1]. Ñíà÷àëà ãðàôèê ñòðîèòñÿ äëÿ çíà÷åíèé ïàðàìåòðîâ,
ðàâíûõ åäèíèöå. Ýòè çíà÷åíèÿ ìîæíî ìåíÿòü. Äëÿ ýòîãî íàäî âû-
áðàòü èìÿ ïàðàìåòðà è ïåðåäâèíóòü áåãóíîê äî íóæíîãî çíà÷åíèÿ,

çàòåì íàæàòü íà êíîïêó Ïîñòðîèòü .

Ïðèìåð 1.

SPACE = R64[x, y, z];

\set2D(-10, 10, -10, 10);

f = x^2 + \tg(x^2 - 1);
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p = \plot(f);

Ðåçóëüòàò âûïîëíåíèÿ:
in: f = x2 + tg(x2 − 1);
out: ðèñ. ??.

Ðèñóíîê 3.1: Ãðàôèê ôóíêöèè f = x2 + tg(x2 − 1)
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×òîáû ïîëó÷èòü ãðàôèêè íåñêîëüêèõ ôóíêöèé íà îäíîì ðèñóíêå
íóæíî ñïèñîê ýòèõ ôóíêöèé çàêëþ÷èòü â êâàäðàòíûå ñêîáêè, êàê
â ñëåäóþùåì ïðèìåðå.

Ïðèìåð 2.

SPACE = R64[x, y, z];

\set2D(-10, 10, -10, 10);

f = \sin(x);

p = \plot([f, \tg(x)]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: f = sin(x);
out: ðèñ. ??.

Ðèñóíîê 3.2: Ãðàôèêè ôóíêöèé f = sin(x) è g = tg(x)

Ïðèìåð 3.

SPACE = R64[x, y, z];

\set2D(-10, 10, 0, 2);

f = \unitBox(x,3);

p = \plot(f);

Ïðèìåð 4.
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SPACE = R64[x, a, b, c];

\set2D(0, 2\pi, 0, 2);

\plot(a\sin(bx) + c);

Ïðèìåð 5.

SPACE = R64[x, y, z];

\set2D(-10, 10, -10, 10,'a','b','title');

f = x^2;

p = \plot(f);

Ïðèìåð 6.

SPACE = R64[x, y, z];

\set2D(-10, 10, -10, 10);

f = x;

p = \plot(f,'dash');

Ïðèìåð 7.

SPACE = R64[x, y, z];

f = x;

p = \plot(f,[-5,5],'arrow');

Ïðèìåð 8.

SPACE = R64[x, y, z];

\set2D(-10, 10, -10, 10);

\plot([x,-x],'arrow');

Äëÿ ïîñòðîåíèÿ ãðàôèêà ôóíêöèè âî âðåìåíè ñ èçìåíåíèåì ïà-
ðàìåòðîâ íåîáõîäèìî óêàçàòü êîëè÷åñòâî êàäðîâ - (íàïðèìåð óñòà-
íîâèì: frames = 5) (ñì. Ðèñ.1.)
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Äëÿ èçìåíåíèÿ ïàðàìåòðîâ èñïîëüçóéòå ïîëçóíîê - (íàïðèìåð
óñòàíîâèì: a = 0.2, b = 0.4, c = 0.6) (ñì. Ðèñ.2.)
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Äëÿ ïîñòðîåíèÿ ãðàôèêà íàæèìàåì êíîïêó - 'Ïîñòðîèòü' (ñì.
Ðèñ.3.)

Â ðåçóëüòàòå ïîëó÷àåì ãðàôèê.(ñì. Ðèñ.4.)
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3.1.2. Ôóíêöèè, çàäàííûå ïàðàìåòðè÷åñêè

Äëÿ ïîñòðîåíèÿ ãðàôèêîâ ôóíêöèé, êîòîðûå çàäàíû ïàðàìåòðè÷å-
ñêè, íåîáõîäèìî âûïîëíèòü êîìàíäó \paramPlot([f, g], [t0, t1]), ãäå
f = x(t), g = y(t) � ôóíêöèè, çàäàííàÿ ïàðàìåòðè÷åñêè, [t0, t1] �
èíòåðâàë çíà÷åíèé äëÿ èçìåíåíèÿ ïàðàìåòðà. Äðóãîé âàðèàíò
êîìàíäû: \paramPlot([f, g], [t0, t1],′ options′), ãäå [t0, t1] � èíòåð-
âàë çíà÷åíèé äëÿ èçìåíåíèÿ ïàðàìåòðà, ′options′ � ïðèíèìàåò
ñëåäóþùèå çíà÷åíèÿ:
1)′dash′ � ãðàôèê áóäåò èçîáðàæåí ïóíêòèðîì;
2)′arrow′ � ïîñëåäíÿÿ òî÷êà ãðàôèêà áóäåò íàðèñîâàíà ñî ñòðåë-
êîé;
3)′dashAndArrow′ � ãðàôèê áóäåò èçîáðàæåí ïóíêòèðîì è ïîñëåä-
íÿÿ òî÷êà ãðàôèêà áóäåò íàðèñîâàíà ñî ñòðåëêîé.

Ïðèìåð 1.

SPACE = R64[x, y, z];

g = \sin(x);

k = \cos(x);
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f = \paramPlot([g, k], [0, 2\pi]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: g = sin(x); k = cos(x);
out: ðèñ. ??.

Ðèñóíîê 3.3: Ãðàôèê ôóíêöèè, çàäàííîé ïàðàìåòðè÷åñêè
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Ïðèìåð 2.

SPACE = R64[x, y, z];

g = x\sin(x);

k = x\cos(x);

f = \paramPlot([g, k], [0, 5\pi]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: g = x sin(x); k = x cos(x);
out: ðèñ. ??.

Ðèñóíîê 3.4: Ãðàôèê ôóíêöèè, çàäàííîé ïàðàìåòðè÷åñêè

Ïðèìåð 3.

SPACE = R64[x, y, z];

g = 2\cos(x)+\cos(2x);

k = 2\sin(x)-\sin(2x);

f = \paramPlot([g, k], [0, 2\pi]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: g = 2 cos(x) + cos(2x); k = 2 sin(x)− sin(2x);
out: ðèñ. ??.
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Ðèñóíîê 3.5: Ãðàôèê ôóíêöèè, çàäàííîé ïàðàìåòðè÷åñêè

Ïðèìåð 4.

SPACE = R64[x, y, z];

g = 2\sin(x)^3;

k = 2\cos(x)^3;

f = \paramPlot([g, k], [0, 2\pi]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: g = 2 sin(x)3; k = 2 cos3(x)
out: ðèñ. ??.

Ïðèìåð 5.

SPACE = R64[x, y, z];

g = (1+\cos(x))\cos(x);

k = (1+\cos(x))\sin(x);

f = \paramPlot([g, k], [0, 2\pi]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: g = (1 + cos(x)) cos(x); k = (1 + cos(x)) sin(x);
out: ðèñ. ??.
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Ðèñóíîê 3.6: Ãðàôèê ôóíêöèè, çàäàííîé ïàðàìåòðè÷åñêè

Ïðèìåð 6.

SPACE = R64[x, y, z];

g = \sin(x)(\exp(\cos(x))-2\cos(4x)+\sin(x/12)^5);

k = \cos(x)(\exp(\cos(x))-2\cos(4x)+\sin(x/12)^5);

f = \paramPlot([g, k], [0, 12\pi]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: g = sin(x)(exp(cos(x))− 2 cos(4x) + sin5(x/12));

k = cos(x)(exp(cos(x))− 2 cos(4x) + sin5(x/12));
out: ðèñ. ??.

43



Ðèñóíîê 3.7: Ãðàôèê ôóíêöèè, çàäàííîé ïàðàìåòðè÷åñêè

Ïðèìåð 7.

SPACE = R64[x, y, z];

\set2D('','','','','x(t)','y(t)','paramPlot');

g = \sin(x)(\exp(\cos(x))-2\cos(4x)+\sin(x/12)^5);

k = \cos(x)(\exp(\cos(x))-2\cos(4x)+\sin(x/12)^5);

f = \paramPlot([g, k], [0, 12\pi]);
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Ðèñóíîê 3.8: Ãðàôèê ôóíêöèè, çàäàííîé ïàðàìåòðè÷åñêè

Ïðèìåð 8.

SPACE = R64[x, y, z];

g = \sin(x);

k = \cos(x);

f = \paramPlot([g, k], [0, 2\pi],'dashAndArrow');

3.1.3. Ôóíêöèè, êîòîðûå çàäàíû òàáëèöåé çíà÷å-
íèé

Äëÿ ïîñòðîåíèÿ ãðàôèêîâ ôóíêöèé, çàäàííûõ òàá-
ëè÷íûìè çíà÷åíèÿìè, íåîáõîäèìî âûïîëíèòü êîìàíäó:
\tablePlot([[x1, . . . , xn], [y11, . . . , a1n], . . . , [yk1, . . . , akn]]) Äðóãîé âà-
ðèàíò êîìàíäû: \tablePlot([[x1, . . . , xn], [y11, . . . , a1n], . . . , [yk1, . . . , akn]],

′ options′)
,ãäå ′options′ � ïðèíèìàåò ñëåäóþùèå çíà÷åíèÿ:
1)′dash′ � ãðàôèê áóäåò èçîáðàæåí ïóíêòèðîì;
2)′arrow′ � ïîñëåäíÿÿ òî÷êà ãðàôèêà áóäåò íàðèñîâàíà ñî ñòðåë-
êîé;
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3)′dashAndArrow′ � ãðàôèê áóäåò èçîáðàæåí ïóíêòèðîì è
ïîñëåäíÿÿ òî÷êà ãðàôèêà áóäåò íàðèñîâàíà ñî ñòðåëêîé.

Ïðèìåð 1.

SPACE = R64[x, y, z];

\tablePlot(

[

[0, 1, 2, 3, 4, 5],

[0, 1, 4, 9, 16, 25],

[0, -1, -2, -3, -4, -5],

[0, 4, 8, 12, 16, 20]

]);

Ðåçóëüòàò âûïîëíåíèÿ:
in:
out: ðèñ. ??.

Ðèñóíîê 3.9: Ãðàôèê ôóíêöèè, çàäàííîé òàáëèöåé çíà÷åíèé

Ïðèìåð 2.

SPACE=R64[x];

\set2D(-1,5,-10,10);

"Ïóñòü çàäàíà òàáëè÷íàÿ ôóíêöèÿ:"

A=[[0, 1, 2, 3, 4, 5], [3, 0, 4, 10, 5, 10]]; t=\table(A);
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"Àïïðîêñèìèðóåì ýòó ôóíêöèþ ïîëèíîìîì 4-é ñòåïåíè:" p=\approx(t,4);

"Ïîñòðîèì ãðàôèê ïîëèíîìà:" P=\plot(p,[1,5]);

"Ïîñòðîèì ãðàôèê òàáëè÷íîé ôóíêöèè:" T=\tablePlot(t);

"Ïîñòðîèì îáà ãðàôèêà â îäíîé ñèñòåìå êîîðäèíàò:" \showPlots([P,T]);

\print(p);

Ðåçóëüòàò âûïîëíåíèÿ:
in:
out: 0.54x4 − 5.64x3 + 18.38x2 − 17.28x+ 3.17

ðèñ. ??.

Ðèñóíîê 3.10: Ãðàôèê àïïðîêñèìàöèè ôóíêöèè, çàäàííîé òàáëèöåé
çíà÷åíèé

Ïðèìåð 3.

SPACE = R64[x, y, z];

\set2D(-10, 10, -10, 10, '','', 'Header of Graphics');

\tablePlot(

[[-3, -6, -6, -3, 3, 6, 6, 3, -3],

[6, 3, -3, -6, -6, -3, 3, 6, 6]]);

Ïðèìåð 4.
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SPACE = R64[x, y, z];

\tablePlot(

[[-3, -6, -6, -3, 3, 6, 6, 3, -3],

[6, 3, -3, -6, -6, -3, 3, 6, 6]],'arrow');

Ïðèìåð 5.

SPACE = R64[x, y, z];

\tablePlot(

[[-3, -6, -6, -3, 3, 6, 6, 3, -3],

[6, 3, -3, -6, -6, -3, 3, 6, 6]], 'dash');

Ïðèìåð 6.

SPACE = R64[x, y, z];

\tablePlot(

[[-3, -6, -6, -3, 3, 6, 6, 3, -3],

[6, 3, -3, -6, -6, -3, 3, 6, 6]], 'dashAndArrow');

3.1.4. Ôóíêöèè, êîòîðûå çàäàíû òàáëèöåé çíà÷å-
íèé ïî òî÷êàì

Äëÿ ïîñòðîåíèÿ ãðàôèêîâ ôóíêöèé ïî òî÷êàì, çàäàííûõ
òàáëè÷íûìè çíà÷åíèÿìè, íåîáõîäèìî âûïîëíèòü êîìàíäó:
\pointsPlot([[x1, . . . , xn], [y1, . . . , yn]], [s1, . . . , sn], [kv1, . . . , kvn], [kg1, . . . , kgn]),
ãäå sn � ïîäïèñü òî÷êè, kvn � êîýôôèöèåíò ïîâîðîòà âîêðóã òî÷êè
(ïðèíèìàåò çíà÷åíèÿ îò 0 äî 7, è îçíà÷àåò ïîâîðîò íà (kvn * 45)
ãðàäóñîâ), kgn � êîýôôèöèåíò ñìåùåíèÿ âäîëü îñè OX (åñëè îòðè-
öàòåëüíûé òî ñìåùåíèå ïðîèñõîäèò âëåâî). Ñîêðàùåííûå âàðèàíòû
êîìàíäû: \pointsPlot([[x1, . . . , xn], [y1, . . . , yn]], [s1, . . . , sn]) èëè
\pointsPlot([[x1, . . . , xn], [y1, . . . , yn]], [s1, . . . , sn], [kv1, . . . , kvn]) èëè
\pointsPlot([[x1, . . . , xn], [y1, . . . , yn]], [s1, . . . , sn], [kv1, . . . , kvn], [kg1, . . . , kgn]).

Ïðèìåð 1.

\set2D(-10, 10, -10, 10);

\pointsPlot(

[[0, 1, 2],

[0, 1, 4]],['a','b','c']);
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Ïðèìåð 2.

\pointsPlot(

[

[0, 1, 2],

[0, 1, 4]],['a','b','c'],[0,2,4]);

Ïðèìåð 3.

\pointsPlot(

[

[0, 1, 2],

[0, 1, 4]],['a','b','c'],[0,2,4],[0,-5,5]);

Ïðèìåð 4.

\pointsPlot(

[

[0, 1, 2],

[0, 1, 4]]);

Ïðèìåð 5.

SPACE = R64[x, y, z];

f1=\tablePlot([[1, 1], [1, 5]]);

f2=\tablePlot([[1, 5], [1, 1]]);

f3=\tablePlot([[5, 5], [1, 5]]);

f4=\tablePlot([[1, 5], [5, 5]]);

f5=\pointsPlot([[1, 1, 5, 5],[1, 5, 5, 1]],['A','B','C','D'],[6,0,0,2]);

\showPlots([f1, f2, f3, f4, f5]);

Ïðèìåð 6.

SPACE = R64[x, y, z];

f1=\tablePlot([[1, 1], [1, 5]]);

f2=\tablePlot([[1, 5], [1, 1]]);

f3=\tablePlot([[5, 5], [1, 5]]);

f4=\tablePlot([[1, 5], [5, 5]]);

f5=\pointsPlot([[1, 1, 5, 5],[1, 5, 5, 1]],['A','B','C','D'],[6,0,0,2]);

\showPlots([f1, f2, f3, f4, f5],'noAxes');
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3.1.5. Ïîñòðîåíèå ðàçíûõ ãðàôèêîâ ôóíêöèé â
îäíîé ñèñòåìå êîîðäèíàò

Äëÿ ïîñòðîåíèÿ ãðàôèêîâ ôóíêöèé, çàäàííûõ ðàçíûìè ñïîñîáà-
ìè, íåîáõîäèìî ñíà÷àëà ïîñòðîèòü ãðàôèê êàæäîé ôóíêöèè, à çà-
òåì âûïîëíèòü êîìàíäó \showPlots([f1, f2, . . . , fn]). Äðóãèå âàðè-
àíòû êîìàíäû: \showPlots([f1, f2, f3, f4],′ noAxes′), ãäå 'noAxes' �
ïàðàìåòð, óêàçûâàþùèé íà èçîáðàæåíèå ãðàôèêà áåç îñåé. èëè
\showPlots([f1, f2, f3, f4],′ lattice′), ãäå 'lattice' � ïàðàìåòð, óêà-
çûâàþùèé íà èçîáðàæåíèå ãðàôèêà c ðåøåòêîé.

Ïðèìåð 1.
SPACE = R64[x, y, z];

\set2D(-20, 20, -20, 20);

f1 = \plot(\tg(x));

f2 = \tablePlot([[0, 1, 4, 9, 16, 25], [0, 1, 2, 3, 4, 5]]);

f3 = \paramPlot([\sin(x), \cos(x)], [-10, 10]);

f4=\tablePlot([[0, 1, 4, 9, 16, 25], [0, -1, -2, -3, -4, -5]]);

\showPlots([f1, f2, f3, f4]);

Ðåçóëüòàò âûïîëíåíèÿ:
in:
out: ðèñ. ??.

Ïðèìåð 2.
p1=\tablePlot([[-1, -3, 3, 3, -3, -3],[4, 3, 3, -3 , -3, 3]]);

p2=\tablePlot([[5, 5, 3, 3, 5, -1],[4, -2, -3, 3, 4, 4]]);

p3=\tablePlot([[-3, -1, -1],[-3, -2, 4]], 'dash');

p4=\tablePlot([[-1, 5],[-2, -2]], 'dash');

\showPlots([p1,p2,p3,p4], 'noAxes');

Ïðèìåð 3.
p1=\tablePlot([[-1, -3, 3, 3, -3, -3],[4, 3, 3, -3, -3, 3]]);

p1p=\pointsPlot([[-1, -3, 3, 3, -3],[4, 3, 3, -3 , -3]],

['F','B','C','D','A'],[0,0,0,4,4]);

p2=\tablePlot([[5, 5, 3, 3, 5, -1],[4, -2, -3, 3, 4, 4]]);

p3=\tablePlot([[-3, -1, -1],[-3, -2, 4]],'dash');

p4=\tablePlot([[-1, 5],[-2, -2]],'dash');

p2p=\pointsPlot([[5, 5, -1 ],[4, -2, -2]],['G','H','E'],[0,4,4]);

\showPlots([p1,p2,p3,p4,p1p,p2p], 'noAxes');
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Ðèñóíîê 3.11: Ãðàôèêè ôóíêöèé, çàäàííûõ ðàçíûìè ñïîñîáàìè

3.1.6. Ïîñòðîåíèå ãðàôîâ

Äëÿ ïîñòðîåíèÿ ãðàôîâ íåîáõîäèìî âûïîëíèòü êîìàíäó
\plotGraph([[a11, . . . , a1n], . . . , [an1, . . . , ann]], [[x1, . . . , xn], [y1, . . . , yn]]),
ãäå [[a11, . . . , a1n], . . . , [an1, . . . , ann]] � ìàòðèöà ñìåæíîñòè,
[[x1, . . . , xn], [y1, . . . , yn]] � ìàòðèöà êîîðäèíàò.

Ïðèìåð 1.

\plotGraph([[0,1,1,0,1,0],[1,0,0,1,1,0],[1,0,0,0,1,1],[0,1,0,0,0,0],

[1,1,1,0,0,1],[0,0,1,0,1,0]],[[3,2,4,1,3,5],[3,2,2,1,1,1]]);

Ðåçóëüòàò âûïîëíåíèÿ:
in:
out: ðèñ. ??.

Êðîìå òîãî, ìîæíî âûïîëíèòü êîìàíäó ëèøü ñ ïåðâûì
ïàðàìåòðîì \plotGraph([[a11, . . . , a1n], . . . , [an1, . . . , ann]]), ãäå
[[a11, . . . , a1n], . . . , [an1, . . . , ann]] � ìàòðèöà ñìåæíîñòè.
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Ðèñóíîê 3.12: Ãðàô

Ïðèìåð 2.

\plotGraph([[0,1,1,0,1,0],[1,0,0,1,1,0],[1,0,0,0,1,1],[0,1,0,0,0,0],

[1,1,1,0,0,1],[0,0,1,0,1,0]]);

Ðåçóëüòàò âûïîëíåíèÿ:
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in:
out: ðèñ. ??.

Ðèñóíîê 3.13: Ãðàô

Ìîæíî âûïîëíèòü êîìàíäó ñ îäíèì ÷èñëîâûì ïàðàìåòðîì
\plotGraph(N), ãäå N � êîëè÷åñòâî âåðøèí â ãðàôå.
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Ïðèìåð 3.

\plotGraph(6);

Ðåçóëüòàò âûïîëíåíèÿ:
in:
out: ðèñ. ??.

3.1.7. Òåêñò íà ãðàôèêàõ

Äëÿ òîãî, ÷òîáû äåëàòü ëþáûå âèäû íàäïèñåé èñïîëüçóåòñÿ ôóíê-
öèÿ \textPlot()

Äëÿ çàäàíèÿ îäíîé íàäïèñè çàïèñûâàþò â êâàðàòíûõ ñêîáêàõ
ñëåäóþøèå ïàðàìåòðû: ['str',sizeText,xCor,yCor,alpha]

ãäå str - ýòî òåêñò; sizeText - ðàçìåð øðèôòà; xCor, yCor - êîîð-
äèíàòû íà ýêðàíå ïåðâîé áóêâû òåêñòà, alpha - óãîë íàêëîíà òåêñòà
(ïî óìîë÷àíèþ, åñëè ýòî ïàðàìåòð íå óêàçàí, òî îí ðàâåí íóëþ).

Â îäíîé êîìàíäå ìîæíî îïðåäåëèòü ñêîëüêî óãîíî íàäïèñåé, ðàç-
äåëÿÿ èõ çàïÿòûìè:
\textPlot([], [], [], ...[]).

3.2. Ïîñòðîåíèå 3D ãðàôèêîâ ôóíêöèé

Îêðóæåíèå äëÿ ïîñòðîåíèÿ 3D ãðàôèêîâ çàäàåòñÿ êîìàíäîé
\set3D()

Ñóùåñòâóåò íåñêîëüêî âàðèàíòîâ äëÿ ýòîé êîìàíäû:
1) \set3D(x0, x1, y0, y1, z0, z1);
2) \set3D(x0, x1, y0, y1, z0, z1, gridSize);
3) \set3D(x0, x1, y0, y1, z0, z1, gridSize, framesNumber);
4) \set3D(x0, x1, y0, y1, z0, z1, gridSize, framesNumber, [a1, a2, ...]);

×èñëà x0 è x1 (x0 < x1) çàäàþò èíòåðâàë ïî îñè OX. ×èñëà y0
è y1 (y0 < y1) çàäàþò èíòåðâàë ïî îñè OY . ×èñëà z0 è z1 (z0 < z1)
çàäàþò èíòåðâàë ïî îñè OZ. gridSize îòâå÷àåò çà ðàçìåð ñåòêè ïà-
ðàëëåëåïèïåäà â êîòîðîì ñòðîèòñÿ ãðàôèê. framesNumber îòâå-
÷àåò çà êîëè÷åñòâî êàäðîâ ïðè ïîñòðîåíèè ãðàôèêà ñ ïàðàìåòðàìè,
èçìåíåíèå êîòîðûõ ìîæíî íàáëþäàòü â âèäå èçìåíåíèÿ êàäðîâ. a1 è
a2 îòâå÷àþò çà êîíå÷íîå çíà÷åíèå ïàðàìåòðîâ ôóíêöèè. Ýòè çíà÷å-
íèÿ áóäóò âûñòàâëåíû â ïîëçóíêè, êîòîðûå ïîÿâëÿþòñÿ ïîä òåêñòîì
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Ðèñóíîê 3.14: Ãðàô

ç çàïðîñîì ïîëüçîâàòåëÿ. Ïðè èçìåíåíèè ïàðàìåòðîâ âî âðåìÿ èç-
ìåíåíèÿ êàäðîâ, èõ çíà÷åíèÿ áóäóò ìåíÿòüñÿ â äèàïàçîíå îò 1.0 äî
a1 äëÿ ïåðâîãî ïàðàìåòðà.
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3.2.1. ßâíîå çàäàíèå ôóíêöèè. Ïîñòðîåíèå íà
ñåðâåðå

Mathpar ïîçâîëÿåò ñòðîèòü 3D ãðàôèêè ôóíêöèé, êîòîðûå çàäàíû
ÿâíî.

Äëÿ ïîñòðîåíèÿ 3D ãðàôèêà ôóíêöèè f = f(x, y) èñïîëüçóåòñÿ
êîìàíäà \plot3d(f, [x0, x1, y0, y1]), ãäå [x0, x1] � èíòåðâàë ïî îñè
OX, [y0, y1] � èíòåðâàë ïî îñè OY .

Êðîìå òîãî, ïîëó÷åííûå ãðàôèêè ìîæíî âðàùàòü è ìàñøòàáè-
ðîâàòü: óâåëè÷èâàòü ëèáî óìåíüøàòü.

Ïåðåìåùåíèå ìûøè ñ íàæàòîé ëåâîé êíîïêîé ïðèâîäèò ê âðà-
ùåíèþ ñèñòåìû êîîðäèíàò ãðàôèêà. Ïîñëå îñòàíîâêè ïðîèñõîäèò
ïåðåðèñîâêà ãðàôèêà â íîâîé ïîâåðíóòîé ñèñòåìå êîîðäèíàò.

Ïåðåìåùåíèå ìûøè ñ íàæàòîé ëåâîé êíîïêîé è íàæàòîé êëà-
âèøåé Shift ïðèâîäèò ê èçìåíåíèþ ìàñøòàáà èçîáðàæåíèÿ. Ïîñëå
îñòàíîâêè ïåðåìåùåíèÿ ïðîèñõîäèò ïåðåðèñîâêà ãðàôèêà â íîâîì
ìàñøòàáå.

Ïðèìåð.

f = x^2 / 20 + y^2 / 20;

\plot3d(f, [-20, 20, -20, 20]);

\plot3d([x / 20 + y^2 / 20, x^2 / 20 + y / 20], [-20, 20, -20, 20]);

SPACE = R64[x, y, a, b];

f = ax^2 / 20 + by^2 / 20;

\plot3d(f, [-20, 20, -20, 20]);

Äëÿ ïîñòðîåíèÿ ãðàôèêà ôóíêöèè âî âðåìåíè ñ èçìåíåíèåì ïà-
ðàìåòðîâ íåîáõîäèìî óêàçàòü êîëè÷åñòâî êàäðîâ - (íàïðèìåð óñòà-
íîâèì: frames = 5) (ñì. Ðèñ.1.)
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Ðèñ. 1.

Äëÿ èçìåíåíèÿ ïàðàìåòðîâ èñïîëüçóéòå ïîëçóíîê - (íàïðèìåð
óñòàíîâèì: a = 0.7, b = 0.24) (ñì. Ðèñ.2.)
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Ðèñ. 2.

Äëÿ ïîñòðîåíèÿ ãðàôèêà íàæèìàåì êíîïêó - 'Ïîñòðîèòü' (ñì.
Ðèñ.3.)
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Ðèñ. 3.

Â ðåçóëüòàòå ïîëó÷àåì ãðàôèê.(ñì. Ðèñ.4.)

59



Ðèñ. 4.

Ðåçóëüòàò âûïîëíåíèÿ:
in: f = x2/20 + y2/20;

plot3d(f, [−20, 20,−20, 20]);
plot3d([x/20 + y2/20, x2/20 + y/20], [−20, 20,−20, 20]);

out: ðèñ. ??.

3.2.2. ßâíîå çàäàíèå ôóíêöèè. Ïîñòðîåíèå íà
ñòîðîíå ïîëüçîâàòåëÿ

Òàêæå ãðàôèêè ôóíêöèé, êîòîðûå çà-
äàíû ÿâíî ìîæíî ïîñòðîèòü êîìàíäîé
\explicitPlot3d(f, xMin, xMax, yMin, yMax, zMin, zMax), ãäå
÷èñëà xMin, xMax, yMin, yMax, zMin, zMax çàäàþò îáëàñòü
â ïðîñòðàíñòâå, èìåþùóþ ôîðìó ïàðàëëåëåïèïåäà, â êîòîðîé
èçîáðàæàåòñÿ ÿâíàÿ ôóíêöèÿ.

Äîïóñêàþòñÿ, êðîìå òîãî, ñëåäóþùèé íàáîð àðãóìåíòîâ:
(f, xMin, xMax, yMin, yMax, zMin, zMax, gridSize), ãäå gridSize
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Ðèñóíîê 3.15: Ïîñòðîåíèå 3D ãðàôèêîâ ôóíêöèé

îòâå÷àåò çà ðàçìåð ñåòêè ïàðàëëåëåïèïåäà â êîòîðîì ñòðîèòñÿ ãðà-
ôèê.

Ìîæíî çàäàâàòü òîëüêî îäíó ôóíêöèþ, ñëåäóþùèì îáðàçîì:
\explicitPlot3d(f), â ýòîì ñëó÷àå ïðåäïîëàãàåòñÿ, ÷òî áóäåò èçîá-
ðàæåíà ôóíêöèÿ f â êóáå 20×20×20, öåíòð êîòîðîãî ðàñïîëàãàåòñÿ
â íà÷àëå êîîðäèíàò.

Èñïîëüçóÿ \explicitPlot3d() âû ìîæåòå âðàùàòü ñèñòåìó êî-
îðäèíàò ïåðåìåùàÿ óêàçàòåëü ìûøêè ñ íàæàòîé ëåâîé êëàâèøåé.
Òàêæå âû ìîæåòå ñäâèãàòü íà÷àëî ñèñòåìû êîîðäèíàò ïåðåìåùàÿ
óêàçàòåëü ìûøêè ñ íàæàòîé ïðàâîé êëàâèøåé.

Äëÿ ïîñòðîåíèÿ ãðàôèêà ôóíêöèè âî âðåìåíè ñ èçìåíåíèåì ïà-
ðàìåòðîâ íåîáõîäèìî óêàçàòü ñíà÷àëà êîëè÷åñòâî êàäðîâ. Çàòåì
ñëåäóåò âûñòàâèòü êîíå÷íîå çíà÷åíèå ïàðàìåòðîâ èñïîëüçóÿ ïîë-
çóíêè. Äëÿ ïîñòðîåíèÿ ãðàôèêà íåîáõîäèìî íàæàòü êíîïêó - 'Ïî-
ñòðîèòü'. Çíà÷åíèå êîëè÷åñòâà êàäðîâ è ïàðàìåòðû íà ïîëçóíêàõ
ìîæíî óêàçàòü ÷åðåç \set3D().

Ïðèìåð.

SPACE = R64[x, y];

f = (x^2+y^2)/20;

ePl=\explicitPlot3d(f, -10, 10, -10, 10, -10, 10, 40);

SPACE = R64[x, y, a];
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\set3D(-10, 10, -10, 10, -10, 10, 40, 25, [0.2]);

f = (ax^2+y^2)/20;

ePl=\explicitPlot3d(f);

3.2.3. Ïîñòðîåíèå 3D ãðàôèêîâ ôóíêöèé, êîòî-
ðûå çàäàíû ïàðàìåòðè÷åñêè. Ïîñòðîåíèå
íà ñåðâåðå

Mathpar ïîçâîëÿåò ñòðîèòü 3D ãðàôèêè, êîòîðûå çàäàíû ïàðàìåò-
ðè÷åñêè

Äëÿ ïîñòðîåíèÿ ãðàôèêà íåîáõîäèìî ïåðåäàòü 3
ôóíêöèè f(x, y), g(x, y) è h(x, y), èñïîëüçóÿ êîìàíäó
\paramPlot3d([[f ], [g], [h]], [x0, x1, y0, y1]), ãäå [x0, x1] � èíòåð-
âàë ïî îñè OX, [y0, y1] � èíòåðâàë ïî îñè OY .

Ñôåðà

SPACE=R64[u,v];

\paramPlot3d([[\cos(u)\cos(v)], [\sin(u)\cos(v)], [\sin(v)]],

[-\pi, \pi, -\pi/2, \pi/2]);

Òîð

SPACE=R64[u,v];

\paramPlot3d([[\cos(u)(\cos(v)+3)],[\sin(u)(\cos(v)+3)],[\sin(v)]],

[-\pi, \pi, -\pi, \pi]);

Ñïèðàëü

SPACE=R64[u,v];

\paramPlot3d([[\cos(u)(\cos(v)+3)],[\sin(u)(\cos(v)+3)],[\sin(v)+u]],

[-2\pi, 2\pi, -\pi, \pi]);

Ëîãàðèôìè÷åñêàÿ ñïèðàëü

SPACE=R64[u,v];

\paramPlot3d([[u\cos(u)(\cos(v)+1)],[u\sin(u)(\cos(v)+1)],[u\sin(v)]],

[0, 3\pi, -\pi, \pi]);

"Ìîðñêàÿ ðàêîâèíà"
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SPACE=R64[u,v];

\paramPlot3d([[u\cos(u)(\cos(v)+1)],[u\sin(u)(\cos(v)+1)],

[u\sin(v)-(((u+3)/8)\pi)^2-20]], [0, 8\pi, -\pi, \pi]);

Òðèëèñòíèê

SPACE=R64[u,v];

\paramPlot3d([[\cos(u)\cos(v)+3\cos(u)(1.5+\sin(1.5u/2))],

[\sin(u)\cos(v)+3\sin(u)(1.5+\sin(1.5u/2))],[\sin(v)+2\cos(1.5u)]],

[-2\pi, 2\pi, -\pi, \pi]);

Ïîâåðõíîñòü Äèíè

SPACE=R64[u,v];

\paramPlot3d([[\cos(u)\sin(v)],[\sin(u)\sin(v)],

[\cos(v)+\lg(\tg(v/2))+0.2u-4]], [0, 4\pi, 0.0001, 2]);

Ëåíòà Ì¼áèóñà

SPACE=R64[u,v];

\paramPlot3d([[(1+v/2\cos(u/2))\cos(u)],[(1+v/2\cos(u/2))\sin(u)],

[v/2\sin(u/2)]], [0, 2\pi, -1, 1]);

Êóá

SPACE=R64[u,v];

\paramPlot3d([[u,v,5,u,v,-5],[v,5,u,v,-5,u],[5,u,v,-5,u,v]],

[-5, 5, -5, 5]);

Öèëèíäð

SPACE=R64[u,v];

\paramPlot3d([[5\cos(u)],[5\sin(u)],[v]], [-5, 5, -5, 5]);

Êîíóñ

SPACE=R64[u,v];

\paramPlot3d([[\cos(u) * (5 * (1 - v/6))],[\sin(u) * (5 * (1 - v/6))],[v]],

[-6, 6, 0, 6]);

Óñå÷åííûé êîíóñ
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SPACE=R64[u,v];

\paramPlot3d([[\cos(u) * (5 * (1 - v/6) + 1 * v/6)],

[\sin(u) * (5 * (1 - v/6) + 1 * v/6) ],[v]], [-5, 5, -5, 5]);

Ïåñî÷íûå ÷àñû

SPACE=R64[u,v];

\paramPlot3d([[\cos(u) * (5 * (0.5 - v/6) + 0.01*v/6)],

[\sin(u) * (5 * (0.5 - v/6) + 0.01*v/6)],[v]], [0, 2\pi, 0, 2\pi]);

3.2.4. Ïîñòðîåíèå 3D ãðàôèêîâ ôóíêöèé, êîòî-
ðûå çàäàíû ïàðàìåòðè÷åñêè. Ïîñòðîåíèå
íà ñòîðîíå ïîëüçîâàòåëÿ

Òàêæå ãðàôèêè ôóíêöèé, êîòîðûå çàäàíû ïà-
ðàìåòðè÷åñêè ìîæíî ïîñòðîèòü êîìàíäîé
\parametricPlot3d(f, g, h, uMin, uMax, vMin, vMax, gridSize),
ãäå óêàçàíû 3 ôóíêöèè f(u, v), g(u, v) è h(u, v) äëÿ îñåé OX,
OY , OZ ×èñëà uMin, uMax, vMin, vMax çàäàþò äèàïàçîí äëÿ
ïàðàìåòðîâ ôóíêöèé f, g è h. gridSize îòâå÷àåò çà ðàçìåð ñåòêè
ïàðàëëåëåïèïåäà â êîòîðîì ñòðîèòñÿ ãðàôèê.

Âû ìîæåòå âðàùàòü ñèñòåìó êîîðäèíàò ïåðåìåùàÿ óêàçàòåëü
ìûøêè ñ íàæàòîé ëåâîé êëàâèøåé. Òàêæå âû ìîæåòå ñäâèãàòü íà-
÷àëî ñèñòåìû êîîðäèíàò ïåðåìåùàÿ óêàçàòåëü ìûøêè ñ íàæàòîé
ïðàâîé êëàâèøåé.

Äëÿ ïîñòðîåíèÿ ãðàôèêà ôóíêöèè âî âðåìåíè ñ èçìåíåíèåì ïà-
ðàìåòðîâ íåîáõîäèìî óêàçàòü ñíà÷àëà êîëè÷åñòâî êàäðîâ. Çàòåì
ñëåäóåò âûñòàâèòü êîíå÷íîå çíà÷åíèå ïàðàìåòðîâ èñïîëüçóÿ ïîë-
çóíêè. Äëÿ ïîñòðîåíèÿ ãðàôèêà íåîáõîäèìî íàæàòü êíîïêó - 'Ïî-
ñòðîèòü'. Çíà÷åíèå êîëè÷åñòâà êàäðîâ è ïàðàìåòðû íà ïîëçóíêàõ
ìîæíî óêàçàòü ÷åðåç \set3D().

Òîð ñ ïàðàìåòðîì

SPACE = R64[u, v, a];

X=\cos(u)*(3+\cos(v));

Y=\sin(u)*(3+\cos(v));

Z=a*\sin(v);

\parametricPlot3d(X, Y, Z, 0, 7, 0, 7, 64);
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Ñïèðàëü ñ ïàðàìåòðîì

SPACE = R64[u, v, b];

X=\cos(u)*(\cos(v)+2);

Y=\sin(u)*(\cos(v)+4b);

Z=\sin(v)+u/2+1;

\parametricPlot3d(X,Y,Z, -6.3, 6.3, -3.15, 3.15, 64);

3.2.5. Ïîñòðîåíèå 3D ãðàôèêîâ ôóíêöèé, êîòî-
ðûå çàäàíû íåÿâíî

Mathpar ïîçâîëÿåò ñòðîèòü 3D ãðàôèêè íåÿâíî çàäàííûõ ôóíêöèé.
Äëÿ ïîñòðîåíèÿ ãðàôèêà ôóíêöèè f(x, y, z) = 0 èñïîëüçóåòñÿ

êîìàíäà
\implicitPlot3d(f, xMin, xMax, yMin, yMax, zMin, zMax),
ãäå ÷èñëà xMin, xMax, yMin, yMax, zMin, zMax çàäàþò îá-

ëàñòü â ïðîñòðàíñòâå, èìåþùóþ ôîðìó ïàðàëëåëåïèïåäà, â êîòîðîé
èçîáðàæàåòñÿ íåÿâíàÿ ôóíêöèÿ.

Ìîæíî çàäàâàòü òîëüêî îäíó ôóíêöèþ, ñëåäóþùèì îáðàçîì:
\implicitPlot3d(f),
â ýòîì ñëó÷àå ïðåäïîëàãàåòñÿ, ÷òî áóäåò èçîáðàæåíà ôóíêöèÿ f

â êóáå 20×20×20, öåíòð êîòîðîãî ðàñïîëîãàåòñÿ â íà÷àëå êîîðäèíàò.
Âû ìîæåòå âðàùàòü ñèñòåìó êîîðäèíàò ïåðåìåùàÿ óêàçàòåëü

ìûøêè ñ íàæàòîé ëåâîé êëàâèøåé. Âû ìîæåòå ñäâèãàòü íà÷àëî ñè-
ñòåìû êîîðäèíàò ïåðåìåùàÿ óêàçàòåëü ìûøêè ñ íàæàòîé ïðàâîé
êëàâèøåé.

Moæíî, äîïîëíèòåëüíî, óêàçûâàòü êîîðäèíàòû èñòî÷íèêà ñâåòà,
öâåò è ñåòêó. Ïî óìîë÷àíèþ ïðèíèìàåòñÿ ñåòêà èç 50 òî÷åê íà êàæîì
ðåáðå ïàðàëëåëåïèïåäà.

Öâåò â ôîðìàòå RGB (êðàñíûé, çåëåíûé, ãîëóáîé) çàäàåòñÿ ÷èñ-
ëîì

R ∗ 256 ∗ 256 +G ∗ 256 +B,
ãäå êàæäàÿ áóêâà îáîçíà÷àåò íåîòðèöàòåëüíîå öåëîå ÷èñëî íå

ïðåâîñõîäÿùåå 255. Íàïðèìåð, 255∗256∗256 � êðàñíûé öâåò, à 255∗
256 ∗ 256 + 255 ∗ 256 � æåëòûé (êðàñíûé+çåëåíûé). Äîïóñêàþòñÿ,
êðîìå òîãî, ñëåäóþùèå íàáîðû àðãóìåíòîâ:

(f, xMin, xMax, yMin, yMax, zMin, zMax, gridSize),
(f, xMin, xMax, yMin, yMax, zMin, zMax, lightX, lightY, lightZ, gridSize),
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(f, xMin, xMax, yMin, yMax, zMin, zMax, lightX, lightY, lightZ, color, gridSize).
Äëÿ ïîñòðîåíèÿ ãðàôèêà ôóíêöèè âî âðåìåíè ñ èçìåíåíèåì ïà-

ðàìåòðîâ íåîáõîäèìî óêàçàòü ñíà÷àëà êîëè÷åñòâî êàäðîâ. Çàòåì
ñëåäóåò âèñòàâèòü êîíå÷íîå çíà÷åíèå ïàðàìåòðîâ èñïîëüçóÿ ïîëçóí-
êè. Äëÿ ïîñòðîåíèÿ ãðàôèêà íåîáõîäèìî íàæàòü êíîïêó - 'Ïîñòðî-
èòü'. Çíà÷åíèå êîëè÷åñòâà êàäðîâ è ïàðàìåòðû íà ïîëçóíêàõ ìîæíà
óêàçàòü ÷åðåç \set3D().

Example.

SPACE = R64[x, y, z];

f = -x^2+2y^2+3z^2-25;

\implicitPlot3d( f, -10, 10, -10, 10, -10, 10);

Ãèïåðáîëîèä

SPACE = R64[x, y, z ];

\implicitPlot3d( x^2+ y^2+ z^2-25 , -7, 7, -7, 7, -7, 7,10, 10, 10, 255*256*256, 100);

Êðàñíàÿ ñôåðà

SPACE = R64[x, y, z];

f = \sin(xyz/100) ;

\implicitPlot3d( f , -9,9,-9,9,-9,9, 10,10,4, 255*256*256+255*256, 50);

Æåëòàÿ ïîâåðõíîñòü ñ öåíòðàëüíîé ñèììåòðèåé.

SPACE = R64[x, y, z];

f = ((x+2)^2+ (y-2)^2 -1)((x-2)^2+ (y+2)^2 -1)((x+2)^2+ (y+2)^2 -1) ((x-2)^2+ (y-2)^2 -1)(x^2+ y^2 -1);

\implicitPlot3d( f, -10, 10, -10, 10, -10, 10 );

Îðãàííûå òðóáû.

3.2.6. Ïîñòðîåíèå ðàçíûõ 3D ãðàôèêîâ ôóíêöèé
â îäíîé ñèñòåìå êîîðäèíàò

Äëÿ ïîñòðîåíèÿ ãðàôèêîâ ôóíêöèé, çàäàííûõ ðàçíûìè ñïîñîáàìè,
íåîáõîäèìî âûïîëíèòü êîìàíäó \showPlots3D(f, g), ãäå f è g - êî-
ìàíäû äëÿ ïîñòðîéêè äðóãèõ ãðàôèêîâ ôóíêöèè

Ïàðàìåòðû îêðóæåíèÿ ìîæíî çàäàòü ñ ïîìîùüþ \set3D().
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Âû ìîæåòå âðàùàòü ñèñòåìó êîîðäèíàò ïåðåìåùàÿ óêàçàòåëü
ìûøêè ñ íàæàòîé ëåâîé êëàâèøåé. Òàêæå âû ìîæåòå ñäâèãàòü íà-
÷àëî ñèñòåìû êîîðäèíàò ïåðåìåùàÿ óêàçàòåëü ìûøêè ñ íàæàòîé
ïðàâîé êëàâèøåé.

Äëÿ ïîñòðîåíèÿ ðàçíûõ ãðàôèêîâ ôóíêöèè â îäíîé ñèñòåìå êî-
îðäèíàò âî âðåìåíè ñ èçìåíåíèåì ïàðàìåòðîâ íåîáõîäèìî óêàçàòü
ñíà÷àëà êîëè÷åñòâî êàäðîâ. Çàòåì ñëåäóåò âûñòàâèòü êîíå÷íîå çíà-
÷åíèå ïàðàìåòðîâ èñïîëüçóÿ ïîëçóíêè. Äëÿ ïîñòðîåíèÿ ãðàôèêà
íåîáõîäèìî íàæàòü êíîïêó - 'Ïîñòðîèòü'. Çíà÷åíèå êîëè÷åñòâà êàä-
ðîâ è ïàðàìåòðû íà ïîëçóíêàõ ìîæíî óêàçàòü ÷åðåç \set3D().

SPACE = R64[x, y, z];

\set3D(-5,5,-5,5,-10,10,40);

f = -x^2+2y^2+3z^2-25;

g = (x^2+y^2)/20;

\showPlots3D(\implicitPlot3d(f), \explicitPlot3d(g));

3.3. Ãåîìåòðèÿ

\paintElement′operator1; operator2; ...operatork;′, - ýòî èíñòðó-
ìåíò äëÿ ïîñòðîåíèÿ ðèñóíêîâ äëÿ øêîëüíîé ãåîìåòðèè.

Îïåðàòîðû çàäàþòñÿ òàê:
operator(arg1 : type1, ..argn : typen = default) : returnType
arg1, ..argn − .
type1, ..typen − , , .
= default− .
returnType− .

Ó îïåðàòîðîâ ìîãóò áûòü äîïîëíèòåëüíûé àðãóìåíò label: string,
êîòîðûé îïðåäåëÿåò ïîäïèñü ôèãóðû, è òðåáîâàíèå îòîáðàçèòü íà
ðèñóíêå:
� label íå çàäàí - ôèãóðà èñïîëüçóåòñÿ êàê ïðîìåæóòî÷íàÿ è ÍÅ
ðèñóåòñÿ.
� label = %% - ôèãóðà ðèñóåòñÿ, íî áåç ïîäïèñè.
� label = %text% - ôèãóðà ïîäïèñûâàåòñÿ òåêñòîì.

Ïîäïèñü ôèãóðû: operator (arg1, ..argn).display(%text%);
Còðîêè îòäåëÿþòñÿ çíàêàìè ïðîöåíòà, à íå êàâû÷êàìè, êàê â

ÿçûêå mfthpar.
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3.3.1. Ïðèìåð (ïîñòðîèòü îêðóæíîñòü)

Circle(radius: r1, center: Point = Point(x1, y1)).
Ìîæíî ïðèìåíÿòü ðàçíûå ñïîñîáû ïîñòðîåíèÿ îêðóæíîñòè:
� Circle(r1, Point(x1, y1));
� Circle(r1); - öåíòð àâòîìàòè÷åñêè áóäåò â x1=0, y1=0.
� R = r1; P = Point(x1, y1).display(�% O1 %); C = Circle(R, P);

3.3.2. Îïåðàòîðû

Point(x: number1, y: number2) - êîíñòðóêòîð òî÷êè.
� x, ó - ïîçèöèÿ òî÷êè.

\paintElement('a = Point(1, 1).display(%A%);');

Line(point1: Point, point2: Point) - êîíñòðóêòîð ëèíèè.
� point1, point2 - òî÷êè ëèíèè. Ïîðÿäîê íå èìååò çíà÷åíèÿ.

\paintElement('l = Line(Point(1, 1), Point(2, 2)).display(%L%);');

Polygon(point1, point2, ..., pointN: Point[]) - êîíñòðóêòîð ïîëè-
ãîíà, ôèãóðû ÿâëÿþùåéñÿ ñïèñêîì òî÷åê ñîåäèíåííûõ îòðåçêàìè.
Ïîñëåäíÿÿ òî÷êà ñîåäèíÿåòñÿ ñ ïåðâîé.
� point1, point2, ..., pointN � Âåðøèíû ïîëèãîíà. Äëèííà ñïèñêà âåð-
øèí íå îãðàíè÷åíà.

\paintElement(pl = Polygon(Point(1, 1), Point(3, 3), Point(0, 2)).display();');

Rectangle(width: number1, height: number2, bottomLeft: Point =
Point(1, 1)) - êîíñòðóêòîð ãîðèçîíòàëüíîãî ïðÿìîóãîëüíèêà.
� width - øèðèíà ïðÿìîóãîëüíèêà.
� height - âûñîòà ïðÿìîóãîëüíèêà.
� bottomLeft - íèæíÿÿ ëåâàÿ òî÷êà ïðÿìîóãîëüíèêà.

\paintElement(pl = Rectangle(1, 2,Point(4,0)).display();');

Square(size: number, bottomLeft: Point = Point(x1, y1)) - êîí-
ñòðóêòîð êâàäðàòà.
� size - äëèííà ñòîðîíû êâàäðàòà.
� bottomLeft - íèæíÿÿ ëåâàÿ òî÷êà êâàäðàòà.

68



\paintElement(pl = Square(2,Point(4,0)).display();');

Triangle(point1: Point, point2: Point, point3: Point) - êîíñòðóêòîð
òðåóãîëüíèêà ïî òðåì òî÷êàì. Ïîðÿäîê íå èìååò çíà÷åíèÿ.
� point1, point2, point3 - òî÷êè òðåóãîëüíèêà.

\paintElement(pl = Triangle(Point(1, 1), Point(3, 3), Point(0, 2)).display();');

Circle(radius: number1, center: Point = Point(x1, y1)) - êîíñòðóê-
òîð êðóãà.
� radius - ðàäèóñ êðóãà.
� center - öåíòð êðóãà.

\paintElement('ñ = Circle(3).display();');

Ellipse(width: number1, height: number2, center: Point = Point(x1,
y1)) - êîíñòðóêòîð ýëèïñà.
� width � ãîðèçîíòàëüíàÿ ïîëóîñü ýëëèïñà.
� height - âåðòèêàëüíàÿ ïîëóîñü ýëëèïñà.
� center - öåíòð ýëëèïñà.

\paintElement('a = Ellipse(2, 3).display();');

normal(point: Point1, line: Line1):Point - ïîñòðîèòü ïåðïåí-
äèêóëÿð èç òî÷êè íà ïðÿìóþ. Âîçâðàùàåò òî÷êó ïåðåñå÷åíèÿ
ïåðïåíäèêóëÿðà è ïðÿìîé.
� point - òî÷êà èç êîòîðîé âîññòàíàâëèâàåòñÿ ïåðïåíäèêóëÿð.
� line � ïðÿìàÿ ê êîòîðîé âîññòàíàâëèâàåòñÿ ïåðïåíäèêóëÿð.

\paintElement('a = Point(1, 1).display(%A%); l = Line(Point(1,3),

Point(3,1)).display(%L%); n = normal(a, l).display(%N%);');

median(point: Point, line: Line): Point - ïîñòðîèòü ìåäèàíó èç
òî÷êè íà îòðåçîê. Âîçâðàùàåò ñåðåäèíó îòðåçêà.
� point - òî÷êà èç êîòîðîé ïîñòðîèòü ìåäèàíó.
� line � îòðåçîê, íà êîòîðûé îïèðàåòñÿ ìåäèàíà.
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\paintElement('a = Point(1, 1).display(%A%); l = Line(Point(1,3), Point(3,1)).display(%L%); m = median(a, l).display(%M%);');

Text(text: %string1%, leftBottom: Point1, fontSize: number =
10) - íàïèñàòü òåêñò, íà÷èíàÿ åãî â îïðåäåëåííîé òî÷êå. � text -
ñîáñòâåííî òåêñò.
� leftBottom - íèæíÿÿ ëåâàÿ (íà÷àëüíàÿ) òî÷êà òåêñòà.
� fontSize - ðàçìåð øðèôòà òåêñòà.

\paintElement('a = Text(%This is text%, Point(1, 1)).display();');

middle(line: Line): Point - íàéòè òî÷êó ñåðåäèíû îòðåçêà.
� line - îòðåçîê, ñåðåäèíó êîòîðîãî íóæíî íàéòè.

\paintElement(l = Line(Point(1,3), Point(3,1)).display(%L%); m = middle(l).display(%m%);');

incircle(triangle: Triangle): Circle - ïîñòðîèòü îêðóæíîñòü âïè-
ñàííóþ â òðóåãîëüíèê.
� triangle - òðåóãîëüíèê â êîòîðûé íàäî âïèñàòü îêðóæíîñòü

\paintElement(tr = Triangle(Point(1,3), Point(3,1), Point(1,1)).display(); c = incircle(tr).display();');

Circumcircle(triangle: Triangle): Circle - ïîñòðîèòü îêðóæíîñòü
îïèñàííóþ âîêðóã òðåóãîëüíèêà. � triangle - òðåóãîëüíèê âîêðóã êî-
òîðîãî íàäî îïèñàòü îêðóæíîñòü

\paintElement(tr = Triangle(Point(1,3), Point(3,1), Point(1,1)).display(); c = circumcircle(tr).display();');

lineCircleCross(line: Line, circle: Circle): Point[] - íàéòè è âåðíóòü
òî÷êè ïåðåñå÷åíèÿ ëèíèè è îêðóæíîñòè.
� line - ëèíèÿ êîòîðàÿ ìîæåò ïåðåñåêàòü îêðóæíîñòü.
� circle � îêðóæíîñòü, êîòîðàÿ ìîæåò ïåðåñåêàòü ëèíèþ.

\paintElement('l = Line(Point(1,3), Point(3,1)).display(); ñ = Circle(3).display(); p = lineCircleCross(l, c);');

circlesCross(circle1: Circle, circle2: Circle): Point[] - íàéòè è âåðíóòü
òî÷êè ïåðåñå÷åíèÿ äâóõ îêðóæíîñòåé.
� circle1, circle2 � îêðóæíîñòè, êîòîðûå ìîãóò ïåðåñêàòüñÿ.

\paintElement('ñ1 = Circle(2).display();

ñ2 = Circle(3, Point(2,2)).display(); p = circleCross(c1, c2);');

Êîíåö ðàçäåëà î ãðàôèêàõ.
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3.4. Êîíòðîëüíûå çàäàíèÿ

Â Mathpar ïîñòðîéòå ãðàôèêè ôóíêöèé

� f(x) = x2 + 2y,

� f(x) =
√

sin2(5x− 1) + expx,

� f(x, y) = sin(cos(x+ tan(y))).
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Ãëàâà 4

Âûáîð îêðóæåíèÿ äëÿ

ìàòåìàòè÷åñêèõ îáúåêòîâ

4.1. Îêðóæåíèå

Ïðåæäå ÷åì áóäåò çàäàí ëþáîé ìàòåìàòè÷åñêèé îáúåêò, ÷èñëî,
ôóíêöèÿ èëè ñèìâîë, äîëæíî áûòü ÿñíî îïðåäåëåíî ¾îêðóæåíèå¿ �
ïðîñòðàíñòâî, â êîòîðîì áóäóò îïðåäåëÿòüñÿ îáúåêòû. Â ýòîé ãëàâå
îïèñûâàþòñÿ ñïîñîáû çàäàíèÿ îêðóæåíèÿ. Ïåðåìåùåíèå èç íåêîòî-
ðîãî îêðóæåíèÿ â òåêóùåå, êàê ïðàâèëî, äîëæíî âûïîëíÿòñÿ ÿâíî,
ñ ïîìîùüþ ôóíêöèè toNewRing. Â íåêîòîðûõ ñëó÷àÿõ òàêîå ïðå-
îáðàçîâàíèå ê òåêóùåìó îêðóæåíèþ ïðîèñõîäèò àâòîìàòè÷åñêè.

Äëÿ âûáîðà îêðóæåíèÿ çàäàåòñÿ àëãåáðàè÷åñêîå ïðîñòðàíñòâî

ïåðåìåííûõ. Îíî îïðåäåëÿåòñÿ èìåíàìè ïåðåìåííûõ è ÷èñëîâûìè
ïðîñòðàíñòâàìè, â êîòîðûõ ýòè ïåðåìåííûå ïðèíèìàþò çíà÷åíèÿ.
Ïîðÿäîê ïåðåìåííûõ â ñïèñêå ïåðåìåííûõ çàäàåò ëèíåéíûé ïîðÿ-
äîê íà ýòèõ ïåðåìåííûõ. Ñëåâà íàïðàâî ðàñïîëàãàþòñÿ ïåðåìåííûå,
óïîðÿäî÷åííûå ïî ñòàðøèíñòâó îò ìëàäøèõ ê ñòàðøèì.

Ïî óìîë÷àíèþ îïðåäåëåíî ïðîñòðàíñòâî R64[x, y, z, t] ÷åòûðåõ
ïåðåìåííûõ, ñàìàÿ ìëàäøàÿ � x, ñàìàÿ ñòàðøàÿ � t.

Â ëþáîé ìîìåíò ïîëüçîâàòåëü ìîæåò ñìåíèòü îêðóæåíèå, çà-
äàâ íîâîå àëãåáðàè÷åñêîå ïðîñòðàíñòâî ïåðåìåííûõ ñ ïîìîùüþ êî-
ìàíäû óñòàíîâêè ¾SPACE=¿. Íàïðèìåð, äëÿ çàäà÷ âû÷èñëèòåëüíîé
ìàòåìàòèêè ìîæåò áûòü äîñòàòî÷íî ïðîñòðàíñòâà òèïà R64[x] èëè
Q[x]. Êîìàíäà óñòàíîâêè: ¾SPACE=R64[x];¿ èëè ¾SPACE=Q[x];¿,
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ñîîòâåòñòâåííî.
Åñëè èìÿ ïåðåìåííîé íà÷èíàåòñÿ ñ ñèìâîëà \ è çàãëàâíîé áóêâû

(âåðõíèé ðåãèñòð), òî òàêàÿ ïåðåìåííàÿ îáîçíà÷àåò ýëåìåíò àëãåá-
ðû, ó êîòîðîé îïåðàöèÿ óìíîæåíèÿ íåêîììóòàòèâíàÿ, äëÿ âñåõ
îñòàëüíûõ ïåðåìåííûõ îïåðàöèÿ óìíîæåíèÿ êîììóòàòèâíàÿ.

4.2. ×èñëîâûå ìíîæåñòâà

Îïðåäåëåíû ñëåäóþùèå ÷èñëîâûå ìíîæåñòâà:
Z � ìíîæåñòâî öåëûõ ÷èñåë Z,
Zp � êîíå÷íîå ïîëå èç p=MOD ýëåìåíòîâ Z/pZ, MOD � ïîñòî-

ÿííàÿ,
Zp32 � êîíå÷íîå ïîëå èç p=MOD32 ýëåìåíòîâ Z/pZ, MOD32

ìåíüøå 231,
Z64 � êîëüöî öåëûõ ÷èñåë z òàêèõ, ÷òî −263 ⩽ z < 263,
Q � ìíîæåñòâî ðàöèîíàëüíûõ ÷èñåë,
R � ìíîæåñòâî ÷èñåë ñ ïëàâàþùåé òî÷êîé äëÿ õðàíåíèÿ ïðè-

áëèæåííûõ äåéñòâèòåëüíûõ ÷èñåë ñ ïðîèçâîëüíîé ìàíòèññîé,
R64 � ìíîæåñòâî ÷èñåë ñ ïëàâàþùåé òî÷êîé äëÿ õðàíåíèÿ ïðè-

áëèæåííûõ äåéñòâèòåëüíûõ ÷èñåë ñ äâîéíîé òî÷íîñòüþ (ñî ñòàí-
äàðòíîé 52-ðàçðÿäíîé ìàíòèññîé è îòäåëüíûì 11-ðàçðÿäíûì ïîëåì
äëÿ õðàíåíèÿ ïîðÿäêà),

R128 � ñòàíäàðòíûå 64-áèòíûå ÷èñëà ñ ïëàâàþùåé òî÷êîé äëÿ
õðàíåíèÿ ïðèáëèæåííûõ äåéñòâèòåëüíûõ ÷èñåë ñî ñòàíäàðòíîé 52-
ðàçðÿäíîé ìàíòèññîé è îòäåëüíûì 64-ðàçðÿäíûì ïîëåì äëÿ õðàíå-
íèÿ ïîðÿäêà,

C � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà R,
C64 � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà R64,
C128 � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà R128,
CZ � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà Z,
CZp � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà Zp,
CZp32 � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà Zp32,
CZ64 � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà Z64,
CQ � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà Q.
Ïðèìåðû ïðîñòûõ ïîëèíîìèàëüíûõ êîëåö:
SPACE = Z [x, y, z];
SPACE = R64 [u, v];
SPACE = C [x].
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4.3. Îïðåäåëåíèå íåñêîëüêèõ ÷èñëîâûõ

ìíîæåñòâ

Ðàçðåøàåòñÿ óñòàíàâëèâàòü àëãåáðàè÷åñêèå ïðîñòðàíñòâà èç
íåñêîëüêèõ ÷èñëîâûõ ìíîæåñòâ, íàïðèìåð, ïðîñòðàíñòâî ¾C[z]R[x,
y]Z[n, m]¿ ïîçâîëÿåò ðàáîòàòü ñ ïÿòüþ èìåíàìè ïåðåìåííûõ, îïðå-
äåëåííûõ â ìíîæåñòâàõ C, R è Z, ñîîòâåòñòâåííî. Ïåðâîå ìíîæåñòâî
ñ÷èòàåòñÿ îñíîâíûì è ê íåìó áóäóò ïðèâîäèòñÿ, ïðè íåîáõîäèìîñòè,
âñå îñòàëüíûå ïåðåìåííûå. Â äàííîì ñëó÷àå ýòî C.

Åãî ìîæíî ðàññìàòðèâàòü êàê êîëüöî ïîëèíîìîâ ïÿòè ïåðåìåí-
íûõ íàä C, ïðè ýòîì îíî îáëàäàåò äîïîëíèòåëüíûìè ñâîéñòâàìè.
Åñëè ïîëèíîì íå ñîäåðæèò ïåðåìåííîé z, òî ýòî ïîëèíîì ñ êîýôôè-
öèåíòàìè èç R. Åñëè ïîëèíîì íå ñîäåðæèò ïåðåìåííûõ z, x, y, òî
ýòî ïîëèíîì ñ êîýôôèöèåíòàìè èç Z.

Ïðèìåðû:
SPACE=Z[x, y]Z[u];
SPACE=R64[u, v]Z[a, b];
SPACE=C[x]R[y, z];
Êîëüöî ¾Z[x, y, z]Z[u, v, w]¿, â êîòîðîì øåñòü ïåðåìåííûõ ðàç-

äåëåíû íà äâå ãðóïïû, ìîæíî èñïîëüçîâàòü äëÿ çàäà÷ â êîòîðûõ
ñòðîÿòñÿ ïîëèíîìû, ó êîòîðûõ êîýôôèöèåíòû ÿâëÿþòñÿ ïîëèíîìà-
ìè èëè ôóíêöèÿìè äðóãèõ ïåðåìåííûõ. Íàïðèìåð, õàðàêòåðèñòè÷å-
ñêèé ïîëèíîì äëÿ ìàòðèöû íàä êîëüöîì Z[x, y, z] áóäåò ïîëó÷åí êàê
ïîëèíîì ñ íåèçâåñòíîé u, êîýôôèöèåíòû êîòîðîãî ëåæàò â êîëüöå
Z[x, y, z].

4.4. Èäåìïîòåíòíûå àëãåáðû. Òðîïè÷å-

ñêàÿ ìàòåìàòèêà.

Êðîìå êëàññè÷åñêèõ ÷èñëîâûõ àëãåáð ñ îïåðàöèÿìè ¾+, -, *¿ è
îïåðàöèåé ¾/¿ äëÿ ïîëåé, áóäóò äîñòóïíû ïîëüçîâàòåëþ è èäåì-
ïîòåíòíûå àëãåáðû. Äëÿ ÷èñëîâîãî ìíîæåñòâà R64, ìîæíî áóäåò
èñïîëüçîâàòü àëãåáðû R64MaxPlus, R64MinPlus, R64MaxMin,
R64MinMax, R64MaxMult, R64MinMult. Äëÿ ÷èñëîâîãî ìíîæå-
ñòâà R, ìîæíî áóäåò èñïîëüçîâàòü àëãåáðû RMaxPlus, RMinP lus,
RMaxMin, R64MinMax, RMaxMult, RMinMult. Äëÿ ÷èñëîâî-
ãî ìíîæåñòâà Z, ìîæíî áóäåò èñïîëüçîâàòü àëãåáðû ZMaxPlus,
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ZMinP lus, ZMaxMin, ZMinMax, ZMaxMult, ZMinMult.

Ïðèìåð.

SPACE=ZMaxPlus[x, y];

a=2; b=9; c=a+b; d=a*b; \print(c, d)

Ðåçóëüòàò âûïîëíåíèÿ:
c = 9;
d = 11.

4.5. Êîíñòàíòû

Ìîæíî óñòàíîâèòü èëè çàìåíèòü ñëåäóþùèå ïîñòîÿííûå.
FLOATPOS � ÷èñëî äåñÿòè÷íûõ çíàêîâ ïîñëå çàïÿòîé, êîòî-

ðûå âûâîäÿòñÿ íà ïå÷àòü. Ïî óìîë÷àíèþ ïðèíèìàåòñÿ çíà÷åíèå 2.
MachineEpsilonR � ìàøèííîå ýïñèëîí äëÿ ÷èñåë òèïà R. Ïî

óìîë÷àíèþ ïðèíèìàåòñÿ çíà÷åíèå 10−29. ×èñëî, ìîäóëü êîòîðîãî
ìåíüøå 10−29, ñ÷èòàåñòÿ ìàøèííûì íóëåì. Äëÿ óñòàíîâêè íîâîãî
çíà÷åíèÿ 10−30 íóæíî ââåñòè êîìàíäó ¾MachineEpsilonR64=30¿.

MachineEpsilonR64 � ìàøèííîå ýïñèëîí äëÿ ÷èñåë òèïà R64.
Ïî óìîë÷àíèþ ïðèíèìàåòñÿ çíà÷åíèå 2−36. ×èñëî, ìîäóëü êîòîðîãî
ìåíüøå 2−36, ñ÷èòàåòñÿ ìàøèííûì íóëåì. Îòìåòèì, ÷òî ÷èñëà R64
èìååò 52 ðàçðÿäà â ìàíòèññå, Äëÿ óñòàíîâêè íîâîãî çíà÷åíèÿ 2−48

íóæíî ââåñòè êîìàíäó ¾MachineEpsilonR64=48¿.
Ïîñòîÿííàÿ MachineEpsilonR (è MachineEpsilonR64) èñïîëüçóåò-

ñÿ ïðè ôàêòîðèçàöèè ïîëèíîìîâ ñ êîåôôèöèåíòàìè òèïà R (èëè
R64). Êàæäûé êîýôôèöèåíò òàêîãî ïîëèíîìà áóäåò ïðåäâàðèòåëü-
íî äåëèòüñÿ íà ÷èñëî MachineEpsilonR (èëè MachineEpsilonR64)
è îêðóãëÿåòñÿ äî öåëîãî çíà÷åíèÿ.

ACCURACY îïðåäåëÿåò ÷èñëî òî÷íûõ äåñÿòè÷íûõ ïîçèöèé
ïîñëå çàïÿòîé äëÿ ÷èñåë òèïà R è C â îïåðàöèÿõ óìíîæåíèÿ è äåëå-
íèÿ. Ïî óìîë÷àíèþ ACCURACY èìååò çíà÷åíèåMachineEpsilonR∗
10−5. Åñëè n<m, òî êîìàíäà ¾MachineEpsilonR=n/m¿ óñòàíîâèò îä-
íîâðåìåííî MachineEpsilonR=10−n è ACCURACY=10−m.

MOD32 � ìîäóëü äëÿ ïðîñòîãî ïîëÿ, íå ïðåâîñõîäÿùèé 231

(ïî óìîë÷àíèþ ïðèíèìàåòñÿ çíà÷åíèå 268435399). Ïðîñòîå ÷èñëî
MOD32 � õàðàêòåðèñòèêà êîíå÷íîãî ïîëÿ. Êîíñòàíòà MOD32 èñ-
ïîëüçóåòñÿ â òîì ñëó÷àå, êîãäà âû÷èñëåíèÿ ïðîèñõîäÿò â êîíå÷íîì
ïîëå Zp32 è îíà äîëæíà áûòü ìåíüøå ÷èñëà 231.
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MOD � ìîäóëü òèïà Z äëÿ ïðîñòîãî ïîëÿ (ïî óìîë÷àíèþ ïðè-
íèìàåòñÿ çíà÷åíèå 268435399). Ïðîñòîå ÷èñëî MOD � ýòî õàðàêòå-
ðèñòèêà êîíå÷íîãî ïîëÿ, íî â îòëè÷èå îò MOD32 ó íåãî íåò îãðàíè-
÷åíèÿ íà àáñîëþòíîå çíà÷åíèå. Êîíñòàíòà MOD èñïîëüçóåòñÿ â òîì
ñëó÷àå, êîãäà âû÷èñëåíèÿ ïðîèñõîäÿò â êîíå÷íîì ïîëå Zp.

RADIAN ìîæåò ïðèíèìàòü çíà÷åíèÿ 1 èëè 0. Åñëè RADIAN =
1, òî óãëû èçìåðÿþòñÿ â ðàäèàíàõ, èíà÷å � â ãðàäóñàõ. Ïî óìîë÷à-
íèþ RADIAN=1.

STEPBYSTEP ìîæåò ïðèíèìàòü çíà÷åíèÿ 1 èëè 0. Åñëè
STEPBYSTEP = 1, òî áóäóò âûâîäèòüñÿ ïðîìåæóòî÷íûå ðåçóëü-
òàòû âû÷èñëåíèé. Ïî óìîë÷àíèþ STEPBYSTEP = 0.

EXPAND ìîæåò ïðèíèìàòü çíà÷åíèÿ 1 èëè 0. Åñëè EXPAND
= 1, òî âî âõîäíîì âûðàæåíèè áóäóò ðàñêðûâàòüñÿ âñå ñêîáêè. Ïî
óìîë÷àíèþ EXPAND = 1.

SUBSTITUTION ìîæåò ïðèíèìàòü çíà÷åíèÿ 1 èëè 0. Åñëè
SUBSTITUTION = 1, òî âî âõîäíîì âûðàæåíèè áóäóò ïîäñòàâëÿòü-
ñÿ âìåñòî èìåí âûðàæåíèé èõ çíà÷åíèÿ, åñëè îíè áûëè îïðåäåëåíû
ðàíüøå. Ïî óìîë÷àíèþ SUBSTITUTION = 1.

Ïðèìåð.

SPACE=Zp32[x, y];

MOD32=7;

f1=37x+42y+55;

f2=2f1;

\print(f1, f2 );

Ðåçóëüòàò âûïîëíåíèÿ:
f1 = 2x− 1;
f2 = 4x+ 5.

4.6. Êîíòðîëüíûå çàäàíèÿ

Â Mathpar âû÷èñëèòå

� çíà÷åíèå ôóíêöèè f(x) =
√
sin2(5x− 1) + ex â R ïðè x = 7,

� çíà÷åíèå ôóíêöèè f(x) = x3 + 10x â Z/(11)Z ïðè x = 7.
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Ãëàâà 5

Ôóíêöèè îäíîé è

íåñêîëüêèõ ïåðåìåííûõ

5.1. Ìàòåìàòè÷åñêèå ôóíêöèè

Ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ýëåìåíòàðíûõ ôóíêöèé è
êîíñòàíò.

5.1.1. Êîíñòàíòû

\i � ìíèìàÿ åäèíèöà,
\e � îñíîâàíèå íàòóðàëüíîãî ëîãàðèôìà,
\pi � ÷èñëî π, ò. å. îòíîøåíèå äëèíû îêðóæíîñòè ê äèàìåòðó,
\infty � çíàê áåñêîíå÷íîñòè.

5.1.2. Ôóíêöèè îäíîãî àðãóìåíòà

\ln � íàòóðàëüíûé ëîãàðèôì,
\lg � äåñÿòè÷íûé ëîãàðèôì,
\sin � ñèíóñ,
\cos � êîñèíóñ,
\tg � òàíãåíñ,
\ctg �êîòàíãåíñ,
\arcsin � àðêñèíóñ,
\arccos � àðêêîñèíóñ,
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\arctg � àðêòàíãåíñ,
\arcctg � àðêêîòàíãåíñ,
\sh � ñèíóñ ãèïåðáîëè÷åñêèé,
\ch � êîñèíóñ ãèïåðáîëè÷åñêèé,
\th � òàíãåíñ ãèïåðáîëè÷åñêèé,
\cth � êîòàíãåíñ ãèïåðáîëè÷åñêèé,
\arcsh � àðêñèíóñ ãèïåðáîëè÷åñêèé,
\arcch � àðêêîñèíóñ ãèïåðáîëè÷åñêèé,
\arcth � àðêòàíãåíñ ãèïåðáîëè÷åñêèé,
\arccth � àðêêîòàíãåíñ ãèïåðáîëè÷åñêèé,
\exp � ýêñïîíåíòà,
\sqrt � êîðåíü êâàäðàòíûé,
\abs � àáñîëþòíîå çíà÷åíèå äëÿ äåéñòâèòåëüíûõ ÷èñåë, ìîäóëü

äëÿ êîìïëåêñíîãî ÷èñëà;
\sign � çíàê ÷èñëà. Âîçâðàùàåò 1, 0, -1, êîãäà ÷èñëî ïîëîæè-

òåëüíîå, íîëü èëè îòðèöàòåëüíîå ñîîòâåòñòâåííî;
\unitStep(x, a) � ýòî ôóíêöèÿ, êîòîðàÿ ïðè x ⩾ 0 ïðèíèìàåò

çíà÷åíèå 1, à ïðè x < 0 ïðèíèìàåò çíà÷åíèå 0;
\fact � ôàêòîðèàë. Îïðåäåëåí äëÿ öåëûõ ïîëîæèòåëüíûõ ÷èñåë.

Ìîæíî ïèñàòü â ïðèâû÷íîì âèäå, íàïðèìåð, ¾5!¿.

5.1.3. Ôóíêöèè äâóõ àðãóìåíòîâ

̂� ñòåïåíü;
\log � ëîãàðèôì îò ôóíêöèè ïî óêàçàííîìó îñíîâàíèþ;
\rootOf(x, n) � êîðåíü ñòåïåíè n èç x;
\Gamma � ôóíêöèÿ Ãàììà;
\Gamma2 � ôóíêöèÿ Ãàììà 2;
\binomial � ÷èñëî ñî÷åòàíèé.

Ïðèìåðû.

SPACE = R64[x, y];

f1 = \sin(x);

f2 = \sin(\cos(x + \tg(y)));

f3 = \sin(x^2) + y;

\print(f1, f2, f3);

Ðåçóëüòàò âûïîëíåíèÿ:
f1 = sin(x);
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f2 = sin(cos(x+ tg(y)));
f3 = sin(x2) + y.

5.2. Âû÷èñëåíèå çíà÷åíèé ôóíêöèè â

òî÷êå

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè â òî÷êå íåîáõîäèìî âûïîë-
íèòü êîìàíäó \value(f, [var1, var2, . . . , varn]), ãäå f � ôóíêöèÿ, à
var1, var2, . . . , varn � çíà÷åíèÿ ñîîòâåòñòâóþùèõ ïåðåìåííûõ.

Äëÿ òðèãîíîìåòðè÷åñêèõ ôóíêöèé ìåðîé óãëà ñ÷èòàåòñÿ ðàäèàí
èëè ãðàäóñ. Óêàçàíèå ìåðû óãëà îïðåäåëÿåòñÿ êîíñòàíòîé RADIAN.
Åñëè íå óêàçûâàòü óãëîâóþ ìåðó, òî óãëîâîé ìåðîé âûáèðàåòñÿ ðà-
äèàí. ×òîáû ïîìåíÿòü óãëîâóþ ìåðó ñ ðàäèàí íà ãðàäóñû, íóæíî
âûïîëíèòü êîìàíäó ¾RADIAN=0;¿. Åñëè æå íóæíî ïîìåíÿòü óã-
ëîâóþ ìåðó ñ ãðàäóñîâ íà ðàäèàíû, òî íóæíî âûïîëíèòü êîìàíäó
¾RADIAN=1;¿.

Åñëè àðãóìåíòàìè ÿâëÿþòñÿ öåëûå ÷èñëà 15k è 18k ãðàäóñîâ èëè
πk/12 è πk/10 ðàäèàí (k ∈ Z), òî çíà÷åíèÿìè òðèãîíîìåòðè÷åñêèõ
ôóíêöèé ÿâëÿþòñÿ àëãåáðàè÷åñêèå ÷èñëà.

Ïðèìåðû.

SPACE = R[x, y];

f = \sin(x^2 + \tg(y^3 + x));

g = \value(f, [1, 2]);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

f = sin(x2 + tg(y3 + x));
g = value(f, [1, 2]); print(g);

out: g = 0.52;

SPACE = Z[x];

RADIAN = 0;

f = \sin(x);

g = \value(f, 15);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];
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RADIAN = 0;
f = sin(x);
g = value(f, 15);
print(g);

out: g = (
√
6− (

√
2))/(4);

SPACE = Z[x];

RADIAN = 0;

f = \sin(x);

g = \value(f, 225);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
g = (−1 ·

√
2)/(2);

SPACE = Z[x];

RADIAN = 0;

f = \cos(x);

g = \value(f, 54);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:

g =
√
(5−

√
5)/(8);

SPACE = Z[x];

RADIAN = 0;

f = \tg(x);

g = \value(f, 126);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:

g = (−1 ·
√
(1 + 2 ·

√
5/(5)));

SPACE = Z[x];

RADIAN = 0;

f = \sin(x);

g = \value(f, 216);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:

g = (−1 ·
√

(5−
√
5)/(8));
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SPACE = Z[x];

RADIAN = 0;

f = \cos(x);

g = \value(f, 108);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
g = (1−

√
5)/(4).

5.3. Ïîäñòàíîâêà âûðàæåíèé â ôóíêöèè

Äëÿ âû÷èñëåíèÿ êîìïîçèöèè ôóíêöèé íóæíî ¾ïîäñòàâëÿòü¿ â
ôóíêöèþ âìåñòî åå àðãóìåíòîâ äðóãèå ôóíêöèè. Äëÿ ýòîãî íåîáõî-
äèìî âûïîëíèòü êîìàíäó \value(f, [func1, func2, . . . , funcn]), ãäå
f � äàííàÿ ôóíêöèÿ, func1, func2, . . . , funcn � ôóíêöèè, êîòîðûå
ïîäñòàâëÿþòñÿ âìåñòî ñîîòâåòñòâóþùèõ ïåðåìåííûõ.

Ïðèìåð.

SPACE = Z[x, y];

f = x + y;

g = f^2;

r = \value(g, [x^2, y^2]);

\print(r);

Ðåçóëüòàò âûïîëíåíèÿ:
in: g = y2 + 2yx+ x2;

f = y + x;
out: r = y4 + 2y2x2 + x4.

5.4. Âû÷èñëåíèå ïðåäåëà ôóíêöèè â òî÷-

êå

Äëÿ âû÷èñëåíèÿ ïðåäåëà ôóíêöèè â òî÷êå íåîáõîäèìî âûïîë-
íèòü êîìàíäó \lim(f, var), ãäå f � ýòî ôóíêöèÿ, à var � òî÷êà,
âîçìîæíî áåñêîíå÷íàÿ, â êîòîðîé òðåáóåòñÿ íàéòè ïðåäåë, êîíå÷-
íûé èëè áåñêîíå÷íûé.

Ïðèìåðû.
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SPACE = R64[x];

f = \sin(x) / x;

g = \lim(f, 0);

\print(g);
Ðåçóëüòàò âûïîëíåíèÿ:

in: SPACE = R64[x];
f = sin(x)/x;
g = lim(f, 0);
print(g);

out: g = 1.00;

SPACE = R64[x];

f = (x^2 - 2x + 2) / (x^2 + x - 2);

g = \lim(f, 1);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

f = (x2 − 2x+ 2)/(x2 + x− 2);
g = lim(f, 1);
print(g);

out: g = ∞;

SPACE = R64[x];

f = \sin(x + 3) / (x^2 + 6x + 9);

g = \lim(f, -3);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

f = sin(x+ 3)/(x2 + 6x+ 9);
g = lim(f,−3);
print(g);

out: g = ∞;

SPACE = R64[x];

f = (1 + 1 / x)^x;

g=\lim(f, \infty);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];
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f = (1 + 1/x)x;
g = lim(f,∞);
print(g);

out: g = 2.72.

5.5. Äèôôåðåíöèðîâàíèå ôóíêöèé

Äëÿ âû÷èñëåíèÿ ïðîèçâîäíîé ôóíêöèè f ïî ïåðåìåííîé y èç
êîëüöà Z[x, y, z] íåîáõîäèìî âûïîëíèòü êîìàíäó \D(f, y). Âû÷èñëå-
íèå òðåòüåé ïðîèçâîäíîé ïî y ìîæíî âûïîëíèòü \D(f, [ŷ 3]). Åñëè
íåîáõîäèìî íàéòè ïðîèçâîäíóþ ôóíêöèè f îäèí ðàç ïî ïåðâîé ïå-
ðåìåííîé èç òåêóùåãî êîëüöà (â äàííîì ñëó÷àå x) ìîæíî çàïèñàòü
\D(f) èëè \D(f, x) .

Äëÿ íàõîæäåíèÿ ñìåøàííîé ïðîèçâîäíîé ïåðâîãî ïîðÿäêà
îò ôóíêöèè f ñóùåñòâóåò êîìàíäà \D(f, [x, y]), äëÿ íàõîæäå-
íèÿ ïðîèçâîäíîé âûñøèõ ïîðÿäêîâ íóæíî èñïîëüçîâàòü êîìàíäó
\D(f, [x̂ k, ẑm, ŷ n]), ãäå k,m, n óêàçûâàþò, êàêîãî ïîðÿäêà ïî ñîîò-
âåòñòâóþùåé ïåðåìåííîé âû÷èñëÿåòñÿ ïðîèçâîäíàÿ.

Ïðèìåðû.

SPACE=Z[x, y];

f = \sin(x^2 + \tg(y^3 + x));

h= \D(f, y);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

f = sin(x2 + tg(y3 + x));
h = D(f, y);
print(h);

out: h = 3y2cos(x2 + tg(y3 + x))/(cos(y3 + x))2;

SPACE = Z[x, y];

f = \sin(x^2 + \tg(y^3 + x));

h = \D(f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

f = sin(x2 + tg(y3 + x));

83



h = D(f);
print(h);

out: h = (2x cos(x2 + tg(y3 + x))(cos(y3 + x))2 + cos(x2 + tg(y3 +
x)))/(cos(y3 + x))2;

SPACE = Z[x, y, z];

f = x^8y^4z^9;

g = \D(f, [x^2, y^2, z^2]);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y, z];

f = x8y4z9;
g = D(f, [x2, y2, z2]);
print(g);

out: g = 48384z7y2x6.

5.6. Èíòåãðèðîâàíèå êîìïîçèöèé ýëåìåí-

òàðíûõ ôóíêöèé

Ñèìâîëüíîå èíòåãðèðîâàíèå êîìïîçèöèé ýëåìåíòàðíûõ ôóíê-
öèé âûïîëíÿåòñÿ êîìàíäîé \int(f(x))dx.

Ïðèìåðû.

SPACE = Z[x, y, z];

l1 = \int(x^6yz + 3x^2y - 2z) d x;

dl1 = \D(l1,x);

l2 = \int(x^6yz + 3x^2y - 2z) d y;

dl2 = \D(l2,y);

l3 = \int(x^6yz + 3x^2y - 2z) d z;

dl3 = \D(l3,z);

\print(l1, dl1,l2, dl2,l3, dl3);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y, z];

l1 =
∫
(x6yz + 3x2y − 2z)dx;

dl1 = D(l1, x);
l2 =

∫
(x6yz + 3x2y − 2z)dy;

dl2 = D(l2, y);
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l3 =
∫
(x6yz + 3x2y − 2z)dz;

dl3 = D(l3, z);
print(l1, dl1, l2, dl2, l3, dl3);

out: l1 = (1/7)zyx7 − 2zx+ yx3;
dl1 = x6yz + 3x2y − 2z. l2 = (1/2)zy2x6 − 2zy + (3/2)y2x2;
dl2 = x6yz + 3x2y − 2z. l3 = (1/2)z2yx6 − z2 + 3zyx2;
dl3 = x6yz + 3x2y − 2z.

SPACE = R[x];

l = \int(1/(x^2-5x+6)) d x;

dl = \D(l,x);

\print(l, dl);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

l =
∫
(1/(x2 − 5x+ 6))dx;

dl = D(l, x);
print(l, dl);

out: l = (ln(x− 3)− ln(x− 2));
dl = (1/(x− 3)− 1/(x− 2)).

SPACE = Q[x];

l = \int(\exp(x)+\exp(-x)) d x;

dl = \D(l,x);

\print(l, dl);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

l =
∫
(exp(x) + exp(−x))dx;

dl = D(l, x);
print(l, dl);

out: l = (exp(x)− ((exp(x))−1));
dl = (exp(x) + exp(−x)).

SPACE = Q[x];

l = \int(x*\exp(x^2)) d x;

dl = \D(l,x);

\print(l, dl);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

l =
∫
(x ∗ exp(x2))dx;
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dl = D(l, x);
print(l, dl);

out: l = (exp(x2)/2);
dl = (x ∗ exp(x2)).

SPACE = Q[x];

l = \int((x*\ln(x)*\exp(x)+\exp(x))/x) d x;

dl = \D(l,x);

\print(l, dl);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

l =
∫
((x ∗ ln(x) ∗ exp(x) + exp(x))/x)dx;

dl = D(l, x);
print(l, dl);

out: l = (ln(x) ∗ exp(x));
dl = ((x ∗ ln(x) ∗ exp(x) + exp(x))/x).

SPACE = R64[x];

l = \int((\ln(x+3)+\ln(x+2)+\ln(x+1))) d x;

dl = \D(l,x);

\print(l, dl);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x, y, z];

l =
∫
((ln(x+ 3) + ln(x+ 2) + ln(x+ 1)))dx;

dl = D(l, x);
print(l, dl);

out: l = (((x ∗ ln(x+3)+ 3.00 ∗ ln(x+3)+ x ∗ ln(x+2)+ 2.00 ∗ ln(x+
2) + x ∗ ln(x+ 1) + ln(x+ 1))− 3x));

dl = ((ln(x+ 3) + ln(x+ 2) + ln(x+ 1))).

SPACE = Q[x];

l = \int((2x^2+1)^3) d x;

dl = \D(l,x);

m=\factor(dl);

\print(l, m);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

l =
∫
((2x2 + 1)3)dx;

dl = D(l, x);
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m = factor(dl);
print(l,m);

out: l = (8/7)x7 + (12/5)x5 + 2x3 + x;
m = (2x2 + 1)3.

5.7. Óïðîùåíèå êîìïîçèöèè ôóíêöèé

Äëÿ ðàçëîæåíèÿ ëþáîé òðèãîíîìåòðè÷åñêîé èëè ëîãàðèôìè÷å-
ñêîé ôóíêöèè ñ ïîìîùüþ òîæäåñòâ:
sin(x)cos(y)± cos(x)sin(y) = sin(x± y),
cos(x)cos(y)± sin(x)sin(y) = cos(x∓ y),
sin2(x) + cos2(x) = 1,
cos2(x)− sin2(x) = cos(2x),
ln(a) + ln(b) = ln(ab),

ln(a)− ln(b) = ln(
a

b
),

èñïîëüçóåòñÿ êîìàíäà \Expand(f(x))

Ïðèìåðû.

SPACE=Q[x, y, z];

g=\ln(x^2*4x);

f=\Expand(g);

\print(f);
Ðåçóëüòàò âûïîëíåíèÿ:

in: SPACE = Q[x, y, z];
g = ln(x2 ∗ 4x);
f = Expand(g);
print(f);

out: f = ln(x2) + ln(4x);

SPACE=Q[x, y, z];

g=\sin(x^2+4x+2\pi);

f=\Expand(g);

\print(f);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

g = sin(x2 + 4x+ 2π);
f = Expand(g);
print(f);
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out: f = (sin(x2)(cos(4x) cos(2) − sin(4x) sin(2)) +
cos(x2)(sin(4x) cos(2) + cos(4x) sin(2)));

SPACE=Q[x, y, z];

g=\cos(\sin(x)+\cos(y));

f=\Expand(g);

\print(f);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

g = cos(sin(x) + cos(y));
f = Expand(g);
print(f);

out: f = (cos(cos(y)) cos(sin(x))− sin(cos(y)) sin(sin(x)));
Äëÿ ðàçëîæåíèÿ íà ìíîæèòåëè âûðàæåíèé ïðè ïîìîùè îïèñàí-

íûõ âûøå òðèãîíîìåòðè÷åñêèõ è ëîãàðèôìè÷åñêèõ òîæäåñòâ, à òàê-
æå ñëåäóþùèõ òîæäåñòâ:
ln(a)k = k · ln(a),
eiz + e−iz = 2 cos(z),
eiz − e−iz = 2i sin(z),
ln(1 + iz)− ln(1− iz) = 2i · arctg(z),
ln(1− iz)− ln(1 + iz) = 2i · arcctg(z),
ez + e−z = 2ch(z)
ez − e−z = 2i · sh(z),
èñïîëüçóåòñÿ êîìàíäà \Factor(f(x)).

Ïðèìåðû.

SPACE=Q[x, y, z];

g=\log_{2}(x)+\log_{2}(y)-\log_{2}(xz)+\lg(y)+\lg(y)-\lg(z);

f=\Factor(g);

\print(f);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

g = log2(x) + log2(y)− log2(xz) + lg(y) + lg(y)− lg(z);
f = Factor(g);
print(f);

out: f = lg(y2/z) + log2(y/z);

SPACE=Q[x, y, z];
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g=16\sin(x/48)\cos(x/48)\cos(x/24)\cos(x/12)\cos(x/6);

f=\Factor(g);

\print(f);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

g = 16 sin( x
48 ) cos(

x
48 ) cos(

x
24 ) cos(

x
12 ) cos(

x
6 );

f = Factor(g);
print(f);

out: f = sin(0.33x);

SPACE=C64[x, y, z];

g=\ln(1-\ix) - \ln(1+\ix) + \e^(\ix) - 2\e^(-\ix) + \sin(x)^2 - \cos(x)^2;

f=\Factor(g);

\print(f);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = C64[x, y, z];

g = ln(1− ix)− ln(1+ ix)+exp(ix)−2 exp(−ix)+sin(x)2− cos(x)2;
f = Factor(g);
print(f);

out: f = (−1.00 cos(2x)) + 2.00i(sin(x)) + (−1.00 exp(−ix)) +
(2.00i(arcctg(x)));

Êîìáèíèðóÿ êîìàíäû \Factor(f(x)) è \Expand(f(x)), ìîæíî
óïðîùàòü áîëåå ñëîæíûå âûðàæåíèÿ.

SPACE=R64[x, y, z];

g=(\sin(x+y) + \sin(x-y))\cos(x) + (\sin(x+y) + \sin(x-y))\sin(y);

f=\Expand(g);

u=\Factor(f);

\print(f,u);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x, y, z];

g = (sin(x+ y) + sin(x− y)) cos(x) + (sin(x+ y) + sin(x− y)) sin(y);
f = Expand(g);
u = Factor(g);
print(f, u);

out: f = 2.00 cos(y) sin(x) cos(x) + 2.00 sin(y) cos(y) sin(x);
u = sin(x) sin(2.00y) + cos(y) sin(2.00x);
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5.8. Arithmetic-geometric mean

Given two non-negative numbers x and y, one can de�ne their
arithmetic, geometric and harmonic means as x+y

2 ,
√
xy, and 2xy

x+y ,

respectively. Moreover, \AGM(x, y) denotes the arithmetic-geometric
mean of x and y. \GHM(x, y) denotes the geometric-harmonic mean
of x and y. At last, \MAGM(x, y) denotes the modi�ed arithmetic-
geometric mean of x and y. Every mean is a symmetric homogeneous
function in their two variables x and y. In contrast to well-known
means, \AGM(x, y), \GHM(x, y), and \MAGM(x, y) are calculated
iteratively.

The arithmetic-geometric mean \AGM(x, y) is equal to the limit of
both sequences xn and yn, where x0 = x, y0 = y, xn+1 = 1

2 (xn + yn),
and yn+1 =

√
xnyn.

In the same way, the geometric-harmonic mean \GHM(x, y) is equal
to the limit of both sequences xn and yn, where x0 = x, y0 = y, xn+1 =√
xnyn, and yn+1 = 2xnyn

xn+yn
.

The modi�ed arithmetic-geometric mean \MAGM(x, y) is equal
to the limit of the sequence xn, where x0 = x, y0 = y, z0 = 0,
xn+1 = xn+yn

2 , yn+1 = zn +
√
(xn − zn)(yn − zn), and zn+1 = zn −√

(xn − zn)(yn − zn).
Examples.

SPACE=R64[];

FLOATPOS=5;

agm=\AGM(1,5);

ghm=\GHM(1,5);

p=agm*ghm;

magm=\MAGM(1,5);

\print(agm, ghm, p, magm);

Results:

agm = 2.60401

ghm = 1.92012

p = 5

magm = 2.61051
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5.9. The complete elliptic integrals of the

�rst and second kind

Let us use the parameter 0 ≤ k ≤ 1.
The complete elliptic integral of the �rst kind K(k) is de�ned as

K(k) =

∫ 1

0

dt√
(1− t2)(1− k2t2)

It can be computed in terms of the arithmetic-geometric mean:

K(k) =
π

2AGM(1,
√
1− k2)

On the other hand, for k < 1, it can be computed in terms of the
geometric-harmonic mean:

K(k) =
π

2
GHM(1,

1√
1− k2

)

The complete elliptic integral of the second kind E(k) is de�ned as

E(k) =

∫ 1

0

√
1− k2t2

1− t2
dt

It can be computed in terms of the modi�ed arithmetic-geometric mean:

E(k) = K(k)MAGM(1, 1− k2)

See also: S. Adlaj (2012) An eloquent formula for the perimeter of an
ellipse. Notices of the American Mathematical Society. 59(8), 1094-1099.
DOI:10.1090/noti879

5.10. The period of a simple gravity

pendulum

A point mass suspended from a pivot with a massless cord.
The length of the pendulum equals L = 1 metre. It swings under
gravitational acceleration g = 9.80665 metres per second squared. The
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maximum angle that the pendulum swings away from vertical, called
the amplitude, equals θ0 = 2.0944, that is, 2

3π radians.
Find the period T of the pendulum using the arithmetic-geometric

mean

T =
2π

AGM(1, cos(θ0/2))

√
L

g

SPACE = R64[];

FLOATPOS = 4;

\theta_0=2.0944;

w=\cos(\theta_0/2);

Ts = 2*\pi*\sqrt{L/g}/\AGM(1,w);

\print(Ts);

L = 1; g = 9.80665;

T=\value(Ts); \print(T);

Results:
Ts = 2.7458 ∗ π ∗ (L/g)(1/2)
T = 2.7546

5.11. Êîíòðîëüíûå çàäàíèÿ

Â Mathpar

� ïîäñòàâüòå â ôóíêöèþ f(x) =
√

sin2(5x− 1) + ex âìåñòî x âû-
ðàæåíèå x+ y, à âìåñòî y � 5,

� íàéäèòå lim(x3 + 10x)/x2 ïðè x → 0,

� íàéäèòå ïðîèçâîäíóþ ôóíêöèè f(x) =
√
sin2(5x− 1) + ex,

� íàéäèòå
∫ 2

0
(x3 + 10x)dx.
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Ãëàâà 6

Ðÿäû

Ðÿä çàäàåòñÿ â âèäå f=\sum _{i=k} {̂ \infty} F (i, x, y, . . . , z), ãäå i�
èíäåêñ ñóììèðîâàíèÿ, k � íà÷àëüíîå çíà÷åíèå i, F (i, x, y, . . . , z) �
ôóíêöèÿ ìíîãèõ ïåðåìåííûõ, ò.å. F ìîæåò çàâèñåòü è îò i.

Íàä ðÿäàìè îïðåäåëåíû òàêèå àðèôìåòè÷åñêèå îïåðàöèè êàê
ñëîæåíèå, âû÷èòàíèå è óìíîæåíèå.

Ïóñòü f è g � ðÿäû.

Äëÿ ñëîæåíèÿ äâóõ ðÿäîâ íåîáõîäèìî âûïîëíèòü êîìàíäó
\seriesAdd(f, g).

Äëÿ ðàçíîñòè äâóõ ðÿäîâ íåîáõîäèìî âûïîëíèòü êîìàíäó
\seriesSubtract(f, g).

Äëÿ óìíîæåíèÿ äâóõ ðÿäîâ íåîáõîäèìî âûïîëíèòü êîìàíäó
\seriesMultiply(f, g).

Äëÿ ðàçëîæåíèÿ ôóíêöèè â ðÿä Òåéëîðà ñ îïðåäåëåí-
íûì êîëè÷åñòâîì ÷ëåíîâ ðÿäà íåîáõîäèìî âûïîëíèòü êîìàíäó
\teilor(f, point, num), ãäå f �ôóíêöèÿ, point� òî÷êà, num� îáùåå
êîëè÷åñòâî ÷ëåíîâ ðÿäà.

Ïðèìåðû.

SPACE=R[x, y];

f=\sum_{i=2}^{\infty} (2x^i y b i);

g=\sum_{i=4}^{\infty} (x^i a\sin(a i x));

h=\seriesAdd(f, g);

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:
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f =
∞∑
i=2

2(x)iybi;

g =

∞∑
i=4

(x)ia sin(aix);

h =

∞∑
i=4

(2(x)iybi+ (x)ia sin(aix)) +

3∑
i=2

(2xiybi);

SPACE=R[x, y];

f=\sum_{i=1}^{\infty} (x^i y i\cos(b));

g=\sum_{i=2}^{\infty} (5x^i a\cos(axi));

h=\seriesSubtract(f, g);

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:

f =

∞∑
i=1

(x)iyi cos(b);

g =

∞∑
i=2

5(x)ia cos(axi);

h =

∞∑
i=2

((x)iyi cos(b)− 5(x)ia cos(axi)) + xy cos(b);

SPACE=R[x, y];

f=\sum_{i=0}^{\infty} (2x^i y b i);

g=\sum_{i=2}^{\infty} (5y^i x^2 b i\cos(a_1 x));

h=\seriesSubtract(f, g);

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:

f =

∞∑
i=0

2(x)iybi;

g =

∞∑
i=2

5yix2bi cos(a1x);
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h =

∞∑
i=2

(2xiybi− 5yix2bi cos(a1 ∗ x)) +
1∑

i=0

(2xiybi);

SPACE = R[x, y]; \clean();

f = \sum_{a = 6}^{\infty} (x a a_0);

g = \sum_{a = 9}^{\infty} (56x^4 a \cos(a_1 x));

h = \seriesMultiply(f, g);

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:

f =

∞∑
a=6

xaa0;

g =

∞∑
a=9

56.00x4a cos(a1x);

h =

∞∑
a2=6

∞∑
a=9

xa2a0 · 56.00x4a cos(a1x);

SPACE=R[x, y];

f = \sum_{a = 6}^{\infty} (\sin(xa)\cos(g y) a_0);

g = \sum_{a = 9}^{\infty} (6x^2 a \sin(a x y^2));

h = \seriesMultiply(f, g);

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:

f =

∞∑
a=6

sin(xa) cos(

∞∑
a=9

56.00x4a cos(a1x)y)a0;

g =
∞∑
a=9

6.00x2a sin(axy2);

h =

∞∑
a2=6

∞∑
a=9

sin(xa2) cos(

∞∑
a2=9

56.00x4a2 cos(a1x)y)a06.00x
2a sin(axy2);
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SPACE = R[x];

FLOATPOS = 15;

a = \teilor(\sin(x), 0, 7);

c = \value(a);

\print(a, c);

Ðåçóëüòàò âûïîëíåíèÿ:
a = ((−x7)/(7!) + x5/(5!) + (−x3)/(3!) + x/(1!));
c = (−0.000198412698412x7 + 0.008333333333333x5 −
0.166666666666666x3 + x).

6.1. Êîíòðîëüíûå çàäàíèÿ

Â Mathpar

� ðàçëîæèòå ôóíêöèþ f(x) = sin2(5x− 1) â ðÿä Òåéëîðà,

� ñîçäàéòå äâà ñëó÷àéíûõ ðÿäà ñ ïîëèíîìèàëüíûìè ÷ëåíàìè,
èñïîëüçóÿ ãåíåðàöèþ ïîëèíîìîâ. Íàéäèòå ñóììó, ðàçíîñòü è
ïðîèçâåäåíèå ïîëó÷åííûõ ðÿäîâ.
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Ãëàâà 7

Ðåøåíèå

äèôôåðåíöèàëüíûõ

óðàâíåíèé è èõ ñèñòåì

7.1. Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíå-

íèé ïåðâîãî ïîðÿäêà

Äëÿ íàõîæäåíèÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ íåîá-
õîäèìî:

1. Çàäàòü ïðîñòðàíñòâî ïåðåìåííûõ (SPACE).
2. Çàäàòü óðàâíåíèå è ïîëó÷èòü ðåøåíèå â ôóíêöèè (\solveDE).
Ïðèìåðû.
Óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

SPACE=Q[x,y];

\solveDE(\d(y,x) = (2/y)\sin(x)\cos(x));

Ëèíåéíîå îäíîðîäíîå óðàâíåíèå ïåðâîãî ïîðÿäêà:

SPACE=Q[x,y];

\solveDE(x\d(y,x) = y-x\exp(y/x));

Óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ:

SPACE=Q[x,y];

\solveDE((3x^2-3y^2+4x)\d(x)-(6xy+4y)\d(y) = 0);
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7.2. Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíå-

íèé

Äëÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè íåîáõîäèìî âûïîëíèòü ñëåäóþùèå øàãè.

1. Çàäàòü ïðîñòðàíñòâî ïåðåìåííûõ (SPACE).
2. Çàäàòü óðàâíåíèå (\systLDE).
3. Çàäàòü íà÷àëüíûå óñëîâèÿ (\initCond).
4. Ïîëó÷èòü ðåøåíèå (\solveLDE).
Ïðèìåðû.

SPACE=R64[t];

g=\systLDE(\d(y, t, 3)+3\d(y, t, 2)+3\d(y, t)+y=1);

f=\initCond(\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=0,

\d(y, t, 0, 2)=0);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g = y
′′′

t + 3y
′′

t + 3y′t + y = 1;

f =


yt=0 = 0,

y
′

t=0 = 0,

y
′′

t=0 = 0,
h = solveLDE(g, f);
print(h);

out: h = (1.00 + (−t2)e−t/2.00)− (te−t + e−t);

SPACE=R64[t];

g=\systLDE(\d(y, t, 2)-2\d(y, t)+y=\exp(t));

f=\initCond(\d(y, t, 0, 0)=1, \d(y, t, 0, 1)=2);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g = y
′′

t − 2y′t + y = et;

f =

{
yt=0 = 1,

y
′

t=0 = 2,
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h = solveLDE(g, f);
print(h);

out: h = ett2/2.00 + tet + et;

SPACE=R64[t];

g=\systLDE(\d(y, t, 2)+\d(y, t)-12y=3);

f=\initCond(\d(y, t, 0, 0)=1, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g = y
′′

t + y′t − 12y = 3;

f =

{
yt=0 = 1,

y
′

t=0 = 0,
h = solveLDE(g, f);
print(h);

out: h = 1.11e−1.62t + 2.89e0.62t − 3.00;

SPACE=R64[t];

g=\systLDE(\d(y, t)-2y=0);

f=\initCond(\d(y, t, 0, 0)=1);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g = y′t − 2y = 0;
f = yt=0 = 1;
h = solveLDE(g, f);
print(h);

out: h = e2t;

SPACE=R64[t];

g=\systLDE(\d(y, t, 2)-4y=4t);

f=\initCond(\d(y, t, 0, 0)=a, \d(y, t, 0, 1)=b);

h=\solveLDE(g, f);

\print(h);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g = y
′′

t − 4y = 4t;

f =

{
yt=0 = a,

y
′

t=0 = b,
h = solveLDE(g, f);
print(h);

out: h = (−8.00 + (−2.00b) + 2.00a)/4.00e−t + (8.00 + 2.00b +
2.00a)/4.00et − 4.00t.

SPACE=R64[t];

g=\systLDE(\d(y,t,2)-4\d(y,t)+5y=0);

f=\initCond(\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=1);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g = y
′′

t − 4y
′

t + 5y = 0;

f =

{
yt=0 = 0,

y
′

t=0 = 1,
h = solveLDE(g, f);
print(h);

out: h = 0.53i(e(2.05−0.95i)t)− 0.53i(e(2.05+0.95i)t).

SPACE=R64[t];

g=\systLDE(\d(y,t,2)-\d(y,t)-6y=2);

f=\initCond(\d(y, t, 0, 0)=1, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g = y
′′

t − y
′

t − 6y = 2;

f =

{
yt=0 = 1,

y
′

t=0 = 0,
h = solveLDE(g, f);
print(h);

out: h = 0.53e3.00t + 0.80e−2.00t − 0.33.
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SPACE=R64[t];

g=\systLDE(\d(y,t,2)-9y=2-t);

f=\initCond(\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=1);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g = y
′′

t − 9y = 2− t;

f =

{
yt=0 = 0,

y
′

t=1 = b,
h = solveLDE(g, f);
print(h);

out: h = 0.26e3.00t + 0.04e−3.00t + 0.11t− 0.22.

7.3. Ðåøåíèå ñèñòåì äèôôåðåíöèàëüíûõ

óðàâíåíèé

Äëÿ ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè íåîáõîäèìî âûïîëíèòü ñëåäóþùèå øàãè.

1. Çàäàòü ïðîñòðàíñòâî ïåðåìåííûõ (SPACE).
2. Çàäàòü ñèñòåìó óðàâíåíèé (\systLDE).
3. Çàäàòü íà÷àëüíûå óñëîâèÿ (\initCond).
4. Ïîëó÷èòü ðåøåíèå (\solveLDE).
Ïðèìåðû.

SPACE=R64[t];

g=\systLDE(3\d(x, t)+2x+\d(y, t)=1, \d(x, t)+4\d(y, t)+3y=0);

f=\initCond(\d(x, t, 0, 0)=0, \d(x, t, 0, 1)=0,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
3x′

t + 2x+ y′t = 1,
x′

t + 4y′t + 3y = 0,

f =


xt=0 = 0,

x
′

t=0 = 0,
yt=0 = 0,

y
′

t=0 = 0,
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h = solveLDE(g, f);
out: h = [0.50 + (−0.30e−0.55t) + (−0.20e−t), (−0.20e−0.55t) + 0.20e−t];

Â ñëåäóþùåì ïðèìåðå îïöèÿ STEPBYSTEP=1; äàåò âûâîä âñåõ
ïðîìåæóòî÷íûõ âûêëàäîê, êîòîðûå íåîáõîäèìû äëÿ ðåøåíèÿ ýòîé
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé. Îòìåòèì, ÷òî ïðè ýòîì íå
ñëåäóåò èñïîëüçîâàòü êîìàíäó print().

SPACE=R64[t];

STEPBYSTEP=1;

g=\systLDE(3\d(x, t)+2x+\d(y, t)=1, \d(x, t)+4\d(y, t)+3y=0);

f=\initCond(\d(x, t, 0, 0)=0, \d(x, t, 0, 1)=0,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

STEPBY STEP = 1;

g =

{
3x′

t + 2x+ y′t = 1,
x′

t + 4y′t + 3y = 0,

f =


xt=0 = 0,

x
′

t=0 = 0,
yt=0 = 0,

y
′

t=0 = 0,
h = solveLDE(g, f);

out: h = [0.50 + (−0.30e−0.55t) + (−0.20e−t), (−0.20e−0.55t) + 0.20e−t];
Ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ òî÷íîñòüþ e.

SPACE=R[t];

e=0.00000001;

g=\systLDE(3\d(x, t)+2x+\d(y, t)=1, \d(x, t)+4\d(y, t)+3y=0);

f=\initCond(\d(x, t, 0, 0)=0, \d(x, t, 0, 1)=0,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f, e);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[t];

e = 0.00000001;

g =

{
3x′

t + 2x+ y′t = 1,
x′

t + 4y′t + 3y = 0,
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f =


xt=0 = 0,

x
′

t=0 = 0,
yt=0 = 0,

y
′

t=0 = 0,
h = solveLDE(g, f, e);

out: h = [0.50 + (−0.30e−0.55t) + (−0.20e−t), (−0.20e−0.55t) + 0.20e−t];
Âûâîä ãðàôèêà ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ òî÷íîñòüþ e.

SPACE=R[t];

e=0.00000001;

g=\systLDE(3\d(x, t)+2x+\d(y, t)=1, \d(x, t)+4\d(y, t)+3y=0);

f=\initCond(\d(x, t, 0, 0)=0, \d(x, t, 0, 1)=0,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f, e);

p=\plot(h,[-10,10,-10,10]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[t];

e = 0.00000001;

g =

{
3x′

t + 2x+ y′t = 1,
x′

t + 4y′t + 3y = 0,

f =


xt=0 = 0,

x
′

t=0 = 0,
yt=0 = 0,

y
′

t=0 = 0,
h = solveLDE(g, f, e); p = plot(h, [−10, 10,−10, 10]);

out: h = [0.50 + (−0.30e−0.55t) + (−0.20e−t), (−0.20e−0.55t) + 0.20e−t];
Âûâîä ãðàôèêà ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

SPACE=R[t];

g=\systLDE(3\d(x, t)+2x+\d(y, t)=1, \d(x, t)+4\d(y, t)+3y=0);

f=\initCond(\d(x, t, 0, 0)=a, \d(x, t, 0, 1)=b,

\d(y, t, 0, 0)=c, \d(y, t, 0, 1)=d);

h=\solveLDE(g, f, 1);

p=\plot(h,[-10,10,-10,10]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[t];
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g =

{
3x′

t + 2x+ y′t = 1,
x′

t + 4y′t + 3y = 0,

f =


xt=0 = a,

x
′

t=0 = b,
yt=0 = c,

y
′

t=0 = d,
h = solveLDE(g, f, 1); p = plot(h, [−10, 10,−10, 10]);

out: h = [0.50 + (−0.30e−0.55t) + (−0.20e−t), (−0.20e−0.55t) + 0.20e−t];

SPACE=R64[t];

g=\systLDE(\d(x, t)+x-2y=0, \d(y, t)+x+4y=0);

f=\initCond(\d(x, t, 0, 0)=1, \d(y, t, 0, 0)=1);

h=\solveLDE(g, f);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x′

t + x− 2y = 0,
y′t + x+ 4y = 0,

f =

{
xt=0 = 1,
yt=0 = 1,

h = solveLDE(g, f);
out: h = [(4.0e−2.0t + (−3.0)e−3.0t, (−2.0)e−2.0t + 3.0e−3.0t];

SPACE=R64[t];

g=\systLDE(\d(x, t)+2x+2y=10\exp(2t), \d(y, t)-2x+y=7\exp(2t));

f=\initCond(\d(x, t, 0, 0)=1, \d(y, t, 0, 0)=3);

h=\solveLDE(g, f);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x′

t + 2x+ 2y = 10e2t,
y′t − 2x+ y = 7e2t,

f =

{
xt=0 = 1,
yt=0 = 1,

h = solveLDE(g, f);
out: h = [e2.0t, 3.0e2.0t];

SPACE=R64[t];

g=\systLDE(\d(x, t)-y+z=0, -x-y+\d(y, t)=0, -x-z+\d(z, t)=0);
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f= \initCond(\d(x, t, 0, 0)=1, \d(y, t, 0, 0)=2,

\d(z, t, 0, 0)=3);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

 x′
t − y + z = 0,

−x− y + y′t = 0,
−x− z + z′t = 0,

f =

 xt=0 = 1,
yt=0 = 2,
zt=0 = 3,

h = solveLDE(g, f);
print(h);

out: h = [(−2.00) + 5.00et + (−1.00et)t, 2.00 + (−1.00et), (−2.00) +
4.00et + (−1.00et)t];

SPACE=R64[t];

g=\systLDE(\d(x, t, 2)+\d(x, t)-\d(y, t)=1,

\d(x, t)+x-\d(y, t, 2)=1+4\exp(t));

f=\initCond(\d(x, t, 0, 0)=1, \d(x, t, 0, 1)=2,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=1);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x

′′

t + x′
t − y′t = 1,

x′
t + x− y

′′

t = 1 + 4et,

f =


xt=0 = 1,

x
′

t=0 = 2,
yt=0 = 0,

y
′

t=0 = 1,
h = solveLDE(g, f);
print(h);

out: h = [1.00+2.00et+(−1.00et)t+(−2.00e−t)+(−1.00e−t)t, (−2.00)+
(−1.00t) + 3.00et + (−2.00et)t+ (−1.00e−t)];
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SPACE=R[t];

g=\systLDE(3\d(x, t)+2x+\d(y, t)=1, \d(x, t)+4\d(y, t)+3y=0);

f=\initCond(\d(x, t, 0, 0)=a, \d(x, t, 0, 1)=b,

\d(y, t, 0, 0)=c, \d(y, t, 0, 1)=d);

h=\solveLDE(g, f, 1);

p=\plot(h,[-10,10,-10,10]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[t];

g =

{
3x′

t + 2x+ y′t = 1,
x′

t + 4y′t + 3y = 0,

f =


xt=0 = a,

x
′

t=0 = b,
yt=0 = c,

y
′

t=0 = d,
h = solveLDE(g, f, 1); p = plot(h, [−10, 10,−10, 10]);

out: h = [0.50 + (−0.30e−0.55t) + (−0.20e−t), (−0.20e−0.55t) + 0.20e−t];

SPACE=R64[t];

g=\systLDE(\d(x, t)+3x-4y=9\exp(2t),

2x+\d(y, t)-3y=3\exp(2t));

f=\initCond(\d(x, t, 0, 0)=2, \d(y, t, 0, 0)=0);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x′

t + 3x− 4y = 9e2t,
2x+ y′t − 3y = 3e2t,

f =

{
xt=0 = 2,
yt=0 = 0,

h = solveLDE(g, f);
print(h);

out: h = [et + e2.00t, et + (−1.00e2.00t)];

SPACE=R64[t];

g=\systLDE(\d(x, t)-x-2y=0, \d(y, t)-2x-y=1);

f=\initCond(\d(x, t, 0, 0)=0, \d(y, t, 0, 0)=5);

h=\solveLDE(g, f);

\print(h);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x′

t − x− 2y = 0,
y′t − 2x− y = 1,

f =

{
xt=0 = 0,
yt=0 = 5,

h = solveLDE(g, f);
print(h);

out: h = [(−0.67) + 0.17e3.00t +0.50e−t, 0.33+ (−0.50e−t) + 0.17e3.00t];

SPACE=R64[t];

g=\systLDE(\d(x, t, 2)+\d(y, t)+y=\exp(t)-t,

\d(x, t)-x+2\d(y, t, 2)-y=-\exp(-t));

f=\initCond(\d(x, t, 0, 0)=1, \d(x, t, 0, 1)=2,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x

′′

t + y′t + y = et − t,

x′
t − x+ 2y

′′

t − y = −e−t,

f =


xt=0 = 1,

x
′

t=0 = 2,
yt=0 = 0,

y
′

t=0 = 0,
h = solveLDE(g, f);
print(h);

out: h = [1.00t+ et, 1.00 + (−1.00t) + (−1.00e−t)];

SPACE=R64[t];

g=\systLDE(\d(x, t, 2)+\d(y, t)=\sh(t)-\sin(t)-t,

\d(y, t, 2)+\d(x, t)=\ch(t)-\cos(t));

f=\initCond(\d(x, t, 0, 0)=0, \d(x, t, 0, 1)=2,

\d(y, t, 0, 0)=1, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];
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g =

{
x

′′

t + y′t = sh(t)− sin(t)− t,

y
′′

t + x′
t = ch(t)− cos(t),

f =


xt=0 = 0,

x
′

t=0 = 2,
yt=0 = 1,

y
′

t=0 = 0,
h = solveLDE(g, f);
print(h);

out: h = [1.00t + 0.50et + (−0.50e−t), (−1.00t2)/2.00 + 0.50e1.00it +
(0.50e−1.00it)];

SPACE=R64[t];

g=\systLDE(\d(x, t, 2)-\d(x, t)+\d(y, t)=\exp(-t)+\cos(t),

\d(x, t)-\d(y, t, 2)-\d(y, t)=2\exp(t)+\sin(t));

f=\initCond(\d(x, t, 0, 0)=2, \d(x, t, 0, 1)=1,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=1);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x

′′

t − x′
t + y′t = e−t + cos(t),

x′
t − y

′′

t − y′t = 2et + sin(t),

f =


xt=0 = 2,

x
′

t=0 = 1,
yt=0 = 0,

y
′

t=0 = 1,
h = solveLDE(g, f);
print(h);

out: h = [0.50e1.00it + 0.50e−1.00it + (−1.00e−t), 0.50i(e1.00it) +
(−0.50i(e−1.00it)) + (2.00et)].

SPACE=R64[t];

g=\systLDE(\d(x, t)-y+z=0, -x-y+\d(y, t)=0, -x-z+\d(z, t)=0);

f= \initCond(\d(x, t, 0, 0)=a, \d(y, t, 0, 0)=b,

\d(z, t, 0, 0)=c);

h= \solveLDE(g, f);

\print(h);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

 x′
t − y + z = 0,

−x− y + y′t = 0,
−x− z + z′t = 0,

f =

 xt=0 = a,
yt=0 = b,
zt=0 = c,

h = solveLDE(g, f);
print(h);

out: h = [b − a − c + (−b + a + 2.00c)et + (b − c)ett,−b + c + a + (b −
c)et,−c− a+ b) + (c+ a)et + (−c+ b)ett];

SPACE=R64[t];

g=\systLDE(\d(y, t)+y-3x=0, -x-y+\d(x, t)=\exp(t));

f= \initCond(\d(x, t, 0, 0)=0, \d(y, t, 0, 0)=0);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
y′t − y − 3x = 0,
−x− y + x′

t = et,

f =

{
xt=0 = 0,
yt=0 = 0,

h = solveLDE(g, f);
print(h);

out: h = [−et+0.25e−2.00t+0.75e2.00t,−0.08e−2.00t+0.75e2.00t−0.67et];

SPACE=R64[t];

g=\systLDE(\d(y, t)+\d(x, t)-x=\exp(t), 2\d(y, t)+\d(x, t)+2x=\cos(t));

f= \initCond(\d(x, t, 0, 0)=0, \d(y, t, 0, 0)=0);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
y′t + x′

t − x = et,
2y′t + x′

t + 2x = cos(t),
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f =

{
xt=0 = 0,
yt=0 = 0,

h = solveLDE(g, f);
print(h);

out: h = [(0.12 + 0.03i)eit + (0.12 − 0.03i)e−it − 0.67et +
0.43e4.00t,−0.32e4.00t−0.50+et+(−0.09−0.15i)eit+(−0.09+0.15i)e−it];

SPACE=R64[t];

g=\systLDE(\d(y, t)-y+x=1.5t^2, \d(x, t)+2x+4y=4t+1);

f= \initCond(\d(x, t, 0, 0)=0, \d(y, t, 0, 0)=0);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
y′t − y + x = 1.5t2,

x′
t + 2x+ 4y = 4t+ 1,

f =

{
xt=0 = 0,
yt=0 = 0,

h = solveLDE(g, f);
print(h);

out: h = [t+ t2,−0.5t2];

SPACE=R64[t];

g=\systLDE(\d(y, t)+y-x-z=0, \d(x, t)-y+x-z=0, \d(z, t)-y-x-z=0);

f= \initCond(\d(x, t, 0, 0)=0, \d(y, t, 0, 0)=1,

\d(z, t, 0, 0)=0);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

 y′t + y − x− z = 0,
x′

t − y + x− z = 0,
z′t − y − x− z = 0,

f =

 xt=0 = 0,
yt=0 = 1,
zt=0 = 0,

h = solveLDE(g, f);
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print(h);
out: h = [0.33e−t+0.17e2.00t+0.5e−2.00t, 0.33e2.00t−0.33e−t, 0.17e2.00t+
0.33e−t − 0.5e−2.00t];

SPACE=R64[t];

g=\systLDE(\d(y, t)-x+z=0, \d(x, t)+2y-x=0, \d(z, t)-2y+x=0);

f= \initCond(\d(x, t, 0, 0)=0, \d(y, t, 0, 0)=1,

\d(z, t, 0, 0)=0);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

 y′t − x+ z = 0,
x′

t + 2y − x = 0,
z′t − 2y + x = 0,

f =

 xt=0 = 0,
yt=0 = 1,
zt=0 = 0,

h = solveLDE(g, f);
print(h);

out: h = [−0.52ie(0.5+1.94i)t+0.52ie(0.5−1.94i)t, (0.5+0.13i)e(0.5+1.94i)t+
(0.5− 0.13i)e(0.5−1.94i)t, 0.52ie(0.5+1.94i)t − 0.52ie(0.5−1.94i)t];

SPACE=R64[t];

g=\systLDE(\d(y, t, 2)+2x=0, \d(x, t, 2)-2y=0);

f=\initCond(\d(x, t, 0, 0)=0, \d(x, t, 0, 1)=0,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=1);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
y

′′

t + 2x = 0,

x
′′

t − 2y = 0,

f =


xt=0 = 0,

x
′

t=0 = 0,
yt=0 = 0,

y
′

t=0 = 1,
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h = solveLDE(g, f);
print(h);

out: h = [(0.13 − 0.13i)e(1+i)t + (0.13 + 0.12i)e(1−i)t + (−0.12 −
0.13i)e(−1+i)t+(−0.13+0.13i)e(−1−i)t, (−0.13−0.13i)e(1+i)t+(−0.13+
0.13i)e(1−i)t + (0.13− 0.13i)e(−1+i)t + (0.13 + 0.13i)e(−1−i)t];

SPACE=R64[t];

g=\systLDE(\d(x, t)-8y+x=0, \d(y, t)-x-y=0);

f= \initCond(\d(x, t, 0, 0)=a, \d(y, t, 0, 0)=b);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x′

t − 8y + x = 0,
y′t − x− y = 0,

f =

{
xt=0 = a,
yt=0 = b,

h = solveLDE(g, f);
print(h);

out: h = [((4b + a)/3)e3.00t + ((−4 ∗ b + 2a)/3)e−3.00t, ((−a +
2b)/6)e−3.00t + ((a+ 4b)/6)e3.00t];

SPACE=R64[t];

g=\systLDE(\d(x, t)+3x-4y=9(\exp(t))^2, \d(y, t)+2x-3y=3(\exp(t))^2);

f= \initCond(\d(x, t, 0, 0)=2, \d(y, t, 0, 0)=0);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x′

t + 3x− 4y = 9(et)2,
y′t + 2x− 3y = 3(et)2,

f =

{
xt=0 = 2,
yt=0 = 0,

h = solveLDE(g, f);
print(h);

out: h = [et + e2.00t, et − e2.00t];
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SPACE=R64[t];

g=\systLDE(\d(x, t, 2)+\d(y, t)=\sh(t)-\sin(t)-t, \d(y, t, 2)-\d(x, t)=\ch(t)-\cos(t));

f=\initCond(\d(x, t, 0, 0)=2, \d(x, t, 0, 1)=0,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=1);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x

′′

t + y′t = sh(t)− sin(t)− t,

y
′′

t − x′
t = ch(t)− cos(t),

f =


xt=0 = 2,

x
′

t=0 = 0,
yt=0 = 0,

y
′

t=0 = 1,
h = solveLDE(g, f);
print(h);

out: h = [1− t+ (0.5− 0.5i)eit + (0.5 + 0.5i)e−it,−1− 0.5t2 − 0.5ieit +
0.5ie−it + 0.5et + 0.5e−t];

SPACE=R64[t];

g=\systLDE(\d(x, t)+5y-4x=0, \d(y, t)-x=0);

f= \initCond(\d(x, t, 0, 0)=0, \d(y, t, 0, 0)=1);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x′

t + 5y − 4x = 0,
y′t − x = 0,

f =

{
xt=0 = 0,
yt=0 = 1,

h = solveLDE(g, f);
print(h);

out: h = [(0.5 + i)e(2+i)t + (0.5− i)e(2−i)t, 2.5ie(2+i)t − 2.5ie(2−i)t];
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7.4. Ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèå

Ëàïëàñà

SPACE=R64[t];

L=\laplaceTransform(\exp(3t));

\print(L);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

L = laplaceTransform(exp(3t)).
print(L);

out: L = 1.0
t−3.0

SPACE=R64[t];

L=\inverseLaplaceTransform(1/(t-3));

\print(L);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

L = inverseLaplaceTransform(1/(t− 3)).
print(L);

out: L = exp(3t)

7.5. Ðàñ÷åò õàðàêòåðèñòèê äèíàìè÷åñêèõ

îáúåêòîâ è ñèñòåì

Äëÿ íàõîæäåíèÿ ïåðåäàòî÷íîé ôóíêöèè îáúåêòà íåîáõîäèìî âû-
ïîëíèòü ñëåäóþùèå øàãè:

1. Çàäàòü ïðîñòðàíñòâî ïåðåìåííûõ (SPACE).
2. Çàäàòü óðàâíåíèå âõîäà - x.
3. Çàäàòü óðàâíåíèå âûõîäà - y.
4. Ïîëó÷èòü ðåøåíèå (\solveWFDS).
Ïðèìåðû.

SPACE = R64[t];

f = \d(y,t,2)+2\d(y,t);

g = 3x;

h = \solveTransferFunction(g,f);
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\print(h);

\set2D(-10, 10, -10, 10,'p','W(p)','Ïåðåäàòî÷íàÿ ôóíêöèÿ');

p=\plot(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

f = y
′′

t + 2y
′′

t ;
g = 3x;
h = solveTransferFunction(g, f);
print(h);
set2D(−10, 10,−10, 10,′ p′,′ W (p)′,′ ′);
p = plot(h);

out: h = [3.0/(p2 + 2.0p)];

Äëÿ íàõîæäåíèÿ âðåìåííûõ õàðàêòåðèñòèê îáúåêòà íåîáõîäèìî
âûïîëíèòü ñëåäóþùèå øàãè:

1. Çàäàòü ïðîñòðàíñòâî ïåðåìåííûõ (SPACE).

2. Çàäàòü óðàâíåíèå âõîäà - x.

3. Çàäàòü óðàâíåíèå âûõîäà - y.

4. Ïîëó÷èòü ðåøåíèå (\solveTPDS).

SPACE = R64[t];

f = \d(y,t,2)+2\d(y,t);

g = 3x;

h = \solveTimeResponse(g,f);

\print(h);

\set2D(-10, 10, -10, 10,'p','k(p),h(p)','Âðåìåííûå õàðàêòåðèñòèêè');

p=\plot(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

f = y
′′

t + 2y
′′

t ;
g = 3x;
h = solveT imeResponse(g, f);
print(h);
set2D(−10, 10,−10, 10,′ p′,′ k(p), h(p)′,′ ′);
p = plot(h);

out: h = [(1.5exp(2.0p) ∗ 3.0 + (−1.5) ∗ 3.0), ((−0.75) + (−1.5p) +
0.75exp(2p))];
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Äëÿ íàõîæäåíèÿ ÷àñòîòíûõ õàðàêòåðèñòèê îáúåêòà íåîáõîäèìî
âûïîëíèòü ñëåäóþùèå øàãè:

1. Çàäàòü ïðîñòðàíñòâî ïåðåìåííûõ (SPACE).
2. Çàäàòü óðàâíåíèå âõîäà - x.
3. Çàäàòü óðàâíåíèå âûõîäà - y.
4. Ïîëó÷èòü ðåøåíèå (\solveCHDS).

SPACE = R64[t];

f = \d(y,t,2)+2\d(y,t);

g = 3x;

h = \solveFrequenceResponse(g,f);

SPACE = R64[j,p];

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

f = y
′′

t + 2y
′′

t ;
g = 3x;
h = solveFrequenceResponse(g, f);
SPACE = R64[j, p];
print(h);

out: h = [3.0/(p2j2+2.0pj), sqrt9.0/(p4 + 4.0p2), arctg(sqrt2/p), 20.0lg(sqrt9.0/(p4 + 4.0p2))];

7.6. Êîíòðîëüíûå çàäàíèÿ

Â Mathpar ðåøèòå

� äèôôåðåíöèàëüíîå óðàâíåíèå y′′ + 3y′ − y = et ñ íà÷àëüíûìè
óñëîâèÿìè y(0) = 1, y′(0) = 1,

� ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

x′′ + y′ = cos t+ t2,

y′′ + x′ = sin t,

ñ íà÷àëüíûìè óñëîâèÿìè x(0) = y(0) = 0, x(1) = 2, y(1) = 1.
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Ãëàâà 8

Ïîëèíîìèàëüíûå

âû÷èñëåíèÿ

8.1. Âû÷èñëåíèå çíà÷åíèÿ ïîëèíîìà â

òî÷êå

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè â òî÷êå íåîáõîäèìî âûïîë-
íèòü êîìàíäó \value(f, [var1, var2, . . . , varn]), ãäå f � ýòî ïîëèíîì,
â êîòîðûé íà ïîçèöèè ïåðåìåííûõ êîëüöà ïîäñòàâëÿåì ñîîòâåòñòâó-
þùèå çíà÷åíèÿ var1, var2, . . . , varn.

Ïðèìåð.

SPACE=R[x, y];

f=x^2+5x(y^3+x);

g=\value(f, [1, 2]);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

f = x2 + 5x(y3 + x);
g = value(f, [1, 2]);
print(g);

out: g = 46.00.
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8.2. Ïðèâåäåíèå ïîëèíîìîâ ê ñòàíäàðòíî-

ìó âèäó è ðàçëîæåíèå ïîëèíîìîâ íà

ìíîæèòåëè

Äëÿ ïðèâåäåíèÿ ïîëèíîìà ê ñòàíäàðòíîìó âèäó íåîáõîäèìî âû-
ïîëíèòü êîìàíäó \expand(f), ãäå f � ýòî ïîëèíîì.

Äëÿ ðàçëîæåíèÿ ïîëèíîìà íà ìíîæèòåëè íåîáõîäèìî âûïîëíèòü
êîìàíäó \factor(f), ãäå f � ýòî ïîëèíîì.

Ïðèìåð.

SPACE=Q[x, y];

f= (y^3+x)^2(x+1)^3;

g=\expand(f);

h=\factor(g);

\print(g,h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y];

f = (y3 + x)2(x+ 1)3;
g = expand(f);
h = factor(g);
print(g, h);

out: g = y6x3 + 3y6x2 + 3y6x+ y6 + 2y3x4 + 6y3x3 + 6y3x2 + 2y3x+
x5 + 3x4 + 3x3 + x2;

h = (x+ 1)3(y3 + x)2;

8.3. Ñóììèðîâàíèå ïîëèíîìà ïî ïåðåìåí-

íûì. Ãåîìåòðè÷åñêèå ïðîãðåññèè

Äëÿ ñóììèðîâàíèÿ ïîëèíîìà ïî ïåðåìåííûì íåîáõîäèìî âûïîë-
íèòü êîìàíäó \SumOfPol(f, [x, y], [x1, x2, y1, y2]), ãäå f � ïîëèíîì,
x, y � ïåðåìåííûå ïî êîòîðûì âåäåòñÿ ñóììèðîâàíèå, x1, x2 � èí-
òåðâàë ñóììèðîâàíèÿ ïî x, y1, y2 � èíòåðâàë ñóììèðîâàíèÿ ïî y.

Åñëè èíòåðâàëû ñóììèðîâàíèÿ äëÿ âñåõ ïåðåìåííûõ ñîâïàäàþò,
òî ìîæíî çàïèñàòü \SumOfPol(f, [x, y], [x1, x2]), ãäå x1, x2 � èíòåð-
âàë ñóììèðîâàíèÿ ïî x è y.

Ïðèìåð.
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SPACE=R[x, y, z];

f=x^2z+xy+y^3xz;

res=\SumOfPol(f, [x, y], [2, 4, -2, 3]);

\print(res);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y, z];

f = x2z + xy + y3xz;
res = SumOfPol(f, [x, y], [2, 4,−2, 3]);
print(res);

out: res = 417.00z + 27.00.

Äëÿ ïðåîáðàçîâàíèÿ ïîëèíîìà ñ ïîìîùüþ ôîðìóëû ñóì-
ìû ãåîìåòðè÷åñêîé ïðîãðåññèè íåîáõîäèìî âûïîëíèòü êîìàíäó
\SearchOfProgression(f). Äàííàÿ êîìàíäà èùåò ãåîìåòðè÷åñêóþ
ïðîãðåññèþ ñ íàèáîëüøèì ÷èñëîì ÷ëåíîâ ñðåäè ìîíîìîâ ïîëèíîìà,
çàòåì äåëàåò ýòî åùå ðàç äëÿ îñòàâøèõñÿ ÷ëåíîâ è òàê äàëåå. Íàé-
äåííûå ïðîãðåññèè çàïèñûâàþòñÿ â âèäå Sn = b1(q

n − 1)/(q − 1),
ãäå Sn � ñóììà ïåðâûõ n ÷ëåíîâ, b1 � ïåðâûé ÷ëåí ãåîìåòðè÷åñêîé
ïðîãðåññèè, q � çíàìåíàòåëü ïðîãðåññèè.

Ïðèìåð.

SPACE=R[x, y, z];

f = x^3 + x^4 + x^5 + x^6 + x^7 + x^8 + x^9 + x^{10} + x^{11} + x^{12} +x^{13};

g = x + x^5 + x^9 + x^13 + xyz + 7x^2y^2z^2 + 7x^3y^3z^3 + 100xy + x + x^2 +x^3 + x^4;

f1 = \SearchOfProgression(f);

g1 = \SearchOfProgression(g);

\print(f1, g1);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y, z];

f = x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10 + x11 + x12 + x13;
g = x+x5+x9+x13+xyz+7x2y2z2+7x3y3z3+100xy+x+x2+x3+x4;
f1 = SearchOfProgression(f);
g1 = SearchOfProgression(g);
print(f1, g1);

out: f1 = (x14 − x3)/(x− 1);
g1 = ((100.00yx+ x13 + x9 + x) + (z4y4x4 − zyx)/(zyx− 1) + (x6 −

x)/(x− 1) + 6.00z3y3x3 + 6.00z2y2x2).
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8.4. Âû÷èñëåíèå áàçèñîâ Ãðåáíåðà

Äëÿ âû÷èñëåíèÿ áàçèñà Ãðåáíåðà ïîëèíîìèàëüíîãî èäåà-
ëà [p1, p2, . . . , pN ] íàä ðàöèîíàëüíûìè ÷èñëàìè ìîæíî âîñ-
ïîëüçîâàòüñÿ êîìàíäîé \groebnerB(p1, p2, . . . , pN ) èëè êîìàí-
äîé \groebner(p1, p2, . . . , pN ). Êîìàíäà \groebnerB() âû÷èñëÿ-
åò áàçèñà Ãðåáíåðà, èñïîëüçóÿ àëãîðèòì Áóõáåðãåðà, à êîìàíäà
\groebner() èñïîëüçóåò ìàòðè÷íûé âàðèàíò àëãîðèòìà, ïðåäëîæåí-
íûé Ôóæåðîì. Èñïîëüçóåòñÿ îáðàòíîå ëåêñèêîãðàôè÷åñêîå óïîðÿ-
äî÷åíèå ïåðåìåííûõ. Ïîðÿäîê íà ïåðåìåííûõ îïðåäåëÿåòñÿ â êî-
ìàíäå SPACE.

Ïðèìåðû.

SPACE = Q[x, y, z];

b = \groebnerB(x^4y^3 + 2xy^2 + 3x + 1, x^3y^2 + x^2, x^4y + z^2 + xy^4 + 3);

\print(b);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

b = groebnerB(x4y3 +2xy2 +3x+1, x3y2 + x2, x4y+ z2 + xy4 +3);
print(b);

out: b = [z2−x4+3x2+(−10)x+9, y+(−9)x4+(−3)x3−x2+(−81)x+
27, x5 + 9x2 + (−6)x+ 1];

SPACE = Z[x, y, z];

b = \groebner(x^4y^3 + 2xy^2 + 3x + 1, x^3y^2 + x^2, x^4y + z^2 + xy^4 + 3);

\print(b);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

b = groebner(x4y3 + 2xy2 + 3x+ 1, x3y2 + x2, x4y + z2 + xy4 + 3);
print(b);

out: b = [z2−x4+3x2+(−10)x+9, x5+9x2+(−6)x+1, y+(−9)x4+
(−3)x3 − x2 + (−81)x+ 27].

8.5. Âû÷èñëåíèÿ â ôàêòîðêîëüöå ïî èäå-

àëó

Ôóíêöèÿ \reduceByGB(f, [g1, . . . , gN ]) ðåäóöèðóåò ïîëèíîì p ñ
ïîìîùüþ äàííîãî ìíîæåñòâà ïîëèíîìîâ g1, . . . , gN .
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SPACE = Q[x, y, z];

p = \reduceByGB(5y^2 + 3x^2 + z^2, [y + x, 5z^2 + 5z]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

p = \reduceByGB(5y2 + 3x2 + z2, [y + x, 5z2 + 5z]);
out: −z + 8x2;

Â ñëó÷àå, êîãäà âòîðîé àðãóìåíò íå ÿâëÿåòñÿ ðåäóöèðîâàííûì
áàçèñîì Ãðåáíåðà, ðåçóëüòàò çàâèñèò îò ðàñïîëîæåíèÿ ïîëèíîìîâ â
ìàññèâå: ïðè íàëè÷èè íåñêîëüêèõ ïîòåíöèàëüíûõ ðåäóêòîðîâ âûáè-
ðàåòñÿ ïåðâûé èç íèõ.

SPACE = Q[x, y];

NotGB1 = [x + y, x^2 + y^2];

imForNotGBset1 = \reduceByGB(x^2 + y^2, NotGB1);

NotGB2 = [x^2 + y^2, x + y];

imForNotGBset2 = \reduceByGB(x^2 + y^2, NotGB2);

GB = \groebner(x+y, x^2+y^2);

imForGB = \reduceByGB(x^2 + y^2, GB);

\print(GB, imForNotGBset1, imForNotGBset2, imForGB);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y];
NotGB1 = [x+ y, x2 + y2];
imForNotGBset1 = reduceByGB(x2 + y2, NotGB1);
NotGB2 = [x2 + y2, x+ y];
imForNotGBset2 = reduceByGB(x2 + y2, NotGB2);
GB = groebner(x+ y, x2 + y2);
imForGB = reduceByGB(x2 + y2, GB);
print(GB, imForNotGBset1, imForNotGBset2, imForGB);
out: GB = [y + x, x2];
imForNotGBset1 = 2x2;
imForNotGBset2 = 0;
imForGB = 0;
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8.6. Ðåøåíèå ñèñòåì íåëèíåéíûõ àëãåáðà-

è÷åñêèõ óðàâíåíèé

Äëÿ ðåøåíèÿ ñèñòåìû íåëèíåéíûõ àëãðåáðàè÷åñêèõ óðàâíåíèé
âèäà:

p1 = 0,
p2 = 0,
...
pN = 0,
use the command \solveNAE(p1, p2, . . . , pN ).
Ïåðåä íàõîæäåíèåì êîðíåé âû÷èñëÿåòñÿ áàçèñ Ãðåáíåðà ñèñòå-

ìû. Åñëè áàçèñ ñîäåðæèò óðàâíåíèÿ îò îäíîé ïåðåìåííîé, îíè ðå-
øàþòñÿ, è êîðíè ïîäñòàâëÿþòñÿ â îñòàâøèåñÿ óðàâíåíèÿ. Êîðíè âû-
÷èñëÿþòñÿ ÷èñëåííî. Îòâåòîì ÿâëÿåòñÿ âåêòîð ðåøåíèé, â êîòîðîì
êàæäûé ýëåìåíò â ñâîþ î÷åðåäü ÿâëÿåòñÿ âåêòîðîì ñ ýëåìåíòàìè,
ñîîòâåòñòâóþùèìè îäíîìó ðåøåíèþ. Ïåðåìåííûå â ðåøåíèè ïåðå-
÷èñëÿþòñÿ â òîì æå ïîðÿäêå, â êîòîðîì îíè óêàçàíû ïðè îáúÿâëå-
íèè SPACE.

SPACE = R[x, y];

\solveNAE(x^2 + y^2 - 4, y - x^2);

SPACE = R[a, b, c];

S = \solveNAE(a + b + c, a b + a c + b c, a b c - 1);

8.7. Äðóãèå ïîëèíîìèàëüíûå ôóíêöèè

Äëÿ ïîëèíîìîâ îò íåñêîëüêèõ ïåðåìåííûõ (f,g) ìîæíî âû÷èñ-
ëÿòü ÍÎÄ, ÍÎÊ, ðåçóëüòàíò (êàê îïðåäåëèòåëü èõ ìàòðèöû Ñèëü-
âåñòðà), äèñêðèìèíàíò:

GCD(f,g),
LCM(f,g),
resultant(f,g),
discriminant(f).
Ïðè ýòîì ãëàâíîé ïåðåìåííîé ÿâëÿåòñÿ ñòàðøàÿ (ïîñëåäíÿÿ) ïå-

ðåìåííàÿ, êîòîðàÿ îïðåäåëåíà â îïåðàòîðå îêðóæåíèÿ SPACE.
Ïðèìåð.
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PACE=Z[q,r,s,x];

p=x^4+q*x^2+r*x+s;

\discriminant(p);

Ðåçóëüòàò âûïîëíåíèÿ:
in: 256s3 − 128s2q2 + 144sr2q + 16sq4 − 27r4 − 4r2q3

out: 256s3 − 128s2q2 + 144sr2q + 16sq4 − 27r4 − 4r2q3

8.8. Êîíòðîëüíûå çàäàíèÿ

Â Mathpar âû÷èñëèòå

� f(1) + f(2) + f(3) + f(4) + f(5) äëÿ f = −3x3 − x2 + x+ 2,

� áàçèñ Ãðåáíåðà ïîëèíîìèàëüíîãî èäåàëà äëÿ ïîëèíîìîâ x2 +
xy, 4xy3 − 2xy − 4, y2 − x, x2y2 + x+ y − 6.
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Ãëàâà 9

Ìàòðè÷íûå ôóíêöèè

9.1. Âû÷èñëåíèå òðàíñïîíèðîâàííîé ìàò-

ðèöû

Äëÿ âû÷èñëåíèÿ òðàíñïîíèðîâàííîé ìàòðèöû äëÿ ìàòðèöû A
íåîáõîäèìî âûïîëíèòü êîìàíäó \transpose(A) èëè A {̂T}.

Ïðèìåð.

SPACE=Z[x];

A=[[1, 2], [4, 5]];

B=A^{T};

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 2
4 5

)
;

B = AT ;
print(B);

out: B =

(
1 4
2 5

)
.
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9.2. Ïîëó÷åíèå ðàçìåðîâ ìàòðèöû è âåê-

òîðà

Âû ìîæåòå ïîëó÷èòü ÷èñëî ñòðîê, êîëè÷åñòâî ñòîëáöîâ èëè îáà
ðàçìåðà ìàòðèöû. Äëÿ ýòîãî íóæíî âûïîëíèòü îäíó èç êîìàíä
\rowNumb(A), \colNumb(A) èëè \size(A). Ýòè æå êîìàíäû ìîæ-
íî èñïîëüçîâàòü è äëÿ âåêòîðà-ñòðîêè, è äëÿ âåêòîðà-ñòîëáöà.

Ïðèìåð.

SPACE=Z[x];

A=[[1, 2,1], [4, 5,9]];

r=\rowNumb(A); c=\colNumb(A); s = \size(A);

\print(r,c,s);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 2 1
4 5 9

)
;

r = rowNumb(A); c = colNumb(A); s = size(A);
print(r, c, s);

out: r = 2 c = 3 s = [2, 3]

9.3. Âû÷èñëåíèå îáðàòíîé è ïðèñîåäèíåí-

íîé ìàòðèöû

9.3.1. Âû÷èñëåíèå îáðàòíîé ìàòðèöû

Äëÿ âû÷èñëåíèÿ îáðàòíîé ìàòðèöû äëÿ ìàòðèöû A íåîáõîäèìî âû-
ïîëíèòü êîìàíäó \inverse(A) èëè A {̂(−1)}.

Ïðèìåðû.

SPACE=Q[x];

A=[[1, 4], [4, 5]];

B=\inverse(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x];

A =

(
1 2
4 5

)
;
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B = inverse(A);
print(B);

out: B =

(
(−5)/11 4/11
4/11 (−1)/11

)
;

SPACE=Q[x, y];

A=[[x+y, x], [y, \cos(x)]];

B=\inverse(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y];

A =

(
x+ y x
y cos(x)

)
;

B = inverse(A);
print(B);

out: B =

(
cos(x)

y cos(x)+x cos(x)+(−yx)
−x

y cos(x)+x cos(x)+(−yx)
−y

(y cos(x)+x cos(x)+(−yx) y + x
(y cos(x)+x cos(x)+(−yx)

)
.

9.3.2. Âû÷èñëåíèå ïðèñîåäèíåííîé ìàòðèöû

Äëÿ âû÷èñëåíèÿ ïðèñîåäèíåííîé ìàòðèöû äëÿ çàäàííîé ìàòðèöû
A íåîáõîäèìî âûïîëíèòü êîìàíäó \adjoint(A) èëè A {̂\star}.

Ïðèìåðû.

SPACE=Z[x];

A=[[1, 4], [4, 5]];

B=\adjoint(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 2
4 5

)
;

B = adjoint(A);
print(B);

out: B =

(
5 −4
−4 1

)
;
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SPACE=Z[x, y];

A=[[\cos(y), \sin(x)], [\sin(y), \cos(x)]];

B=\adjoint(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
cos(y) sin(x)
sin(y) cos(x)

)
;

B = adjoint(A);
print(B);

out: B =

(
cos(x) −sin(x)
−sin(y) cos(y)

)
.

9.4. Âû÷èñëåíèå ðàíãà è îïðåäåëèòåëÿ

ìàòðèöû

Äëÿ âû÷èñëåíèÿ ðàíãà ìàòðèöû A íåîáõîäèìî âûïîëíèòü êîìàí-
äó \rank(A), à äëÿ âû÷èñëåíèÿ îïðåäåëèòåëÿ ìàòðèöû A � êîìàíäó
\det(A).

Ïðèìåðû.

SPACE=Z[x];

A=[[1, 4], [4, 5]];

B=\det(A); r=\rank(A);

\print(B,r);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 4
4 5

)
;

B = det(A); r = rank(A);
print(B, r);

out: B = −11; r = 2;

SPACE=Z[x, y];

A=[[x+y, \sin(x)], [y, \cos(x)]];

B=\det(A);

\print(B);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
x+ y sin(x)
y cos(x)

)
;

B = det(A);
print(B);

out: B = y · cos(x) + x · cos(x)− y · sin(x).

9.5. Âû÷èñëåíèå ñîïðÿæåííîé ìàòðèöû

Äëÿ âû÷èñëåíèÿ ñîïðÿæåííîé ìàòðèöû íåîáõîäèìî âûïîëíèòü
êîìàíäó \conjugate(A) èëè A {̂\ast}.

Ïðèìåð.

SPACE=C[x];

A=[[1+\i, 2-\i], [-3, -2\i]];

B=A^{\ast};

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = C[x];

A =

(
1 + i 2− i
−3 −2i

)
;

B = A∗;
print(B);

out: B =

(
1− 1.0i −3
2 + 1.0i 2.0i

)
.

9.6. Âû÷èñëåíèå SVD-ðàçëîæåíèÿ

Äëÿ âû÷èñëåíèÿ SVD- ðàçëîæåíèÿ ìàòðèöû íåîáõîäèìî âûïîë-
íèòü êîìàíäó \SVD(A). Â ðåçóëüòàòå áóäóò âû÷èñëåíû òðè ìàòðè-
öû [U,D, V ]. Ìàòðèöû U, V - óíèòàðíûå, ìàòðèöà D - äèàãîíàëüíàÿ:
A = UDV .

Ïðèìåð.

SPACE=R64[];

A=[[2,3,4], [1,3,3], [2,4,3]];

B=\SVD(A);

\print(B);

128



9.7. Âû÷èñëåíèå îáîáùåííîé îáðàòíîé

ìàòðèöû

Äëÿ âû÷èñëåíèÿ îáîáùåííîé îáðàòíîé ìàòðèöû Ìóððà-
Ïåíðîóçà íåîáõîäèìî âûïîëíèòü êîìàíäó \genInverse(A) èëè
A {̂+}.

Ïðèìåð.

SPACE=Z[x];

A=[[1, 4, 5], [2, 4, 5]];

B=A^{+};

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 4 5
2 4 5

)
;

B = A+;
print(B);

out: B =

 −1 1 0
8/41 (−4)/41 0
10/41 (−5)/41 0

 .

9.8. Âû÷èñëåíèå ÿäðà îïåðàòîðà è ýøå-

ëîííîé ôîðìû

9.8.1. Âû÷èñëåíèå ýøåëîííîé ôîðìû ìàòðèöû

Äëÿ âû÷èñëåíèÿ ýøåëîííîé ôîðìû ìàòðèöû A íåîáõîäèìî âûïîë-
íèòü êîìàíäó \toEchelonForm(A).

Ïðèìåðû.

SPACE=Z[x];

A=[[1, 4], [4, 5]];

B=\toEchelonForm(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];
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A =

(
1 4
4 5

)
;

B = toEchelonForm(A);
print(B);

out: B =

(
−11 0
0 −11

)
;

SPACE=Z[x, y];

A=[[\cos(y), \sin(x)], [\sin(y), \cos(x)]];

B=\toEchelonForm(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
cos(y) sin(x)
sin(y) cos(x)

)
;

B = toEchelonForm(A);
print(B);

out:B =

(
cos(y)cos(x)− sin(x)sin(y) 0

0 cos(y)cos(x)− sin(x)sin(y)

)
.

9.8.2. Âû÷èñëåíèå ÿäðà îïåðàòîðà

Äëÿ âû÷èñëåíèÿ ÿäðà îïåðàòîðà ìàòðèöû A íåîáõîäèìî âûïîëíèòü
êîìàíäó \kernel(A).

Ïðèìåðû.

SPACE=Z[x];

A=[[1, 4], [4, 16]];

B=\kernel(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 4
4 16

)
;

B = kernel(A);
print(B);

out: B =

(
0 4
0 −1

)
;

130



SPACE=Z[x, y];

A=[[x+y, x], [(x+y)x, x^2]];

B=\kernel(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
x+ y x

(x+ y)x x2

)
;

B = kernel(A);
print(B);

out: B =

(
0 x
0 −y − x

)
.

9.9. Âû÷èñëåíèå õàðàêòåðèñòè÷åñêîãî ïî-

ëèíîìà ìàòðèöû

Äëÿ âû÷èñëåíèÿ õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ìàòðèöû A, ýëå-
ìåíòû êîòîðîé èç R[x1, . . . , xm], íåîáõîäèìî çàäàòü êîëüöî ïîëèíî-
ìîâ R[x1, . . . , xm]R[t] èëè R[t, x1, . . . , xm], â êîòîðîì ïåðåìåííàÿ t �
ýòî ïåðåìåííàÿ, ïî êîòîðîé ñòðîèòñÿ ïîëèíîì, è âûïîëíèòü êîìàí-
äó \charPolynom(A). Íàïðèìåð,åñëè ýëåìåíòû èñõîäíîé ìàòðèöû
èç êîëüöà Z[x,y], òî ìîæíî óêàçàòü Z[x,y]Z[t] èëè Z[t,x,y].

Ïðèìåðû.

SPACE=Z[x];

A=[[1, 4], [4, 5]];

B=\charPolynom(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 2
4 5

)
;

B = charPolynom(A);
print(B);

out: B = x2 + (−6)x+ (−11);

SPACE=Z[x, y]Z[t];
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A=[[\cos(y), \sin(x)], [\sin(y), \cos(x)]];

B=\charPolynom(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y]Z[t];

A =

(
cos(y) sin(x)
sin(y) cos(x)

)
;

B = adjoint(A);
print(B);

out: B = t2 + (− cos(x)− cos(y))t+ cos(y) cos(x)− sin(x) sin(y).

9.10. LSU-ðàçëîæåíèå

Äëÿ âû÷èñëåíèÿ LSU-ðàçëîæåíèÿ ìàòðèöû A, íóæíî âûïîëíèòü
êîìàíäó \LSU(A).

Ðåçóëüòàò � ýòî òðè ìàòðèö [L, S, U ]. Çäåñü L � íèæíÿÿ òðå-
óãîëüíàÿ ìàòðèöà, U � âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà, S � ìàòðèöà
ïåðåñòàíîâîê, óìíîæåííàÿ íà ìàòðèöó, êîòîðàÿ ÿâëÿåòñÿ îáðàòíîé
ê äèàãîíàëüíîé ìàòðèöå. Åñëè ýëåìåíòû ìàòðèöû A èç êîììóòàòèâ-
íîé îáëàñòè R, òî è ýëåìåíòû ìàòðèö L, S−1, U òàêæå ïðèíàäëåæàò
îáëàñòè R.

Ïðèìåðû.

SPACE=Z[x];

A=[[0, 1, 0], [4, 5, 1],[1, 1, 1]];

B=\LSU(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

 0 1 0
4 5 1
1 1 1

 ;

B = LSU(A)
print(B);

out:B =

  4 0 0
0 4 0
−1 1 3

 ,

 0 1/16 0
1/4 0 0
0 0 1/12

 ,

 4 5 1
0 4 0
0 0 3

  .
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SPACE=Z[x];

A=[[1, 4,0,1], [4, 5,5,3],[1,2,2,2],[3,0,0,1]];

B=\LSU(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =


1 −4 0 1
4 5 5 3
1 2 2 2
3 0 0 1

 ;

B = LSU(A)
print(B);

out: B =




1 0 0 0
4 −11 0 0
1 −2 −12 0
3 −12 60 −60




1 0 0 0
0 1/(−11) 0 0
0 0 1/132 0
0 0 0 1/720




1 4 0 1
0 −11 5 −1
0 0 −12 −13
0 0 0 −60





.

SPACE=Z[x,y];

A=[[\cos(y),\sin(x)],[\sin(y),\cos(x)]];

B=\LSU(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
cos(y) sin(x)
sin(y) cos(x)

)
B = LSU(A)
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print(B);

out:B =



(
cos(y) 0
sin(y) cos(y) cos(x) + (− sin(x) sin(y))

)
(

1/ cos(y) 0
0 1/((cos(y))2 cos(x) + (−1 cos(y) sin(x) sin(y)))

)
(

cos(y) sin(x)
0 cos(y) cos(x) + (− sin(x) sin(y))

)


.

9.11. Ðàçëîæåíèå Õîëåòñêîãî

Ýòà ðàçëîæåíèå âûïîëíÿåòñÿ ñ ïîìîùüþ êîìàíäû, â êîòîðîé àð-
ãóìåíò - ýòî èñõîäíàÿ ìàòðèöà: \cholesky(A) èëè \cholesky(A, 0).
Ïðè ýòîì ìàòðèöà äîëæíà áûòü ñèììåòðè÷íîé è ïîëîæèòåëüíî
îïðåäåëåííîé, òîëüêî â ýòîì ñëó÷àå ðàçëîæåíèå áóäåò ïðàâèëüíî
âû÷èñëåííî.

Ðåçóëüòàò � ýòî äâå íèæíèå òðåóãîëüíûå ìàòðèöû: [L, S], ïðè
ýòîì A = l ∗ LT è S ∗ L = I.

Äëÿ áîëüøèõ ïëîòíûõ ìàòðèö, íà÷èíàÿ ñ ðàçìåðà 100õ100, ìîæ-
íî èñïîëüçîâàòü áûñòðûé àëãîðèòì, â êîòîðîì ïðèìåíÿåòñÿ óìíî-
æåíèå áëîêîâ ïî àëãîðèòìó Âèíîãðàäà-Øòðàññåíà: \cholesky(A, 1).

Ïðèìåðû.

SPACE=R64[];

A=[[3,2],[2,4]];

B=\cholesky(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[];

A =

(
3 2
2 4

)
;

B = cholesky(A)
print(B);

out: B =

[ (
1.73 0
1.15 1.63

)
,

(
0.58 0
−0.41 0.61

) ]
.

134



9.12. Ðàçëîæåíèå LSUWMdet

Äëÿ âû÷èñëåíèÿ LSU ðàçëîæåíèÿ ìàòðèöû A, è ðàçëîæåíèÿ
ïñåâäî-îáðàòíîé ííóæíî âûïîëíèòü êîìàíäó \LSUWMdet(A).

Ðåçóëüòàò � âåêòîð èç ïÿòè ìàòðèö [L, S, U,W,M, [[det]]]. Çäåñü
L è U � íèæíÿÿ è âåðõíÿÿ òðåóãîëüíûå ìàòðèöû, S � óñå÷åí-
íàÿ âçâåøåííàÿ ìàòðèöà ïåðåñòàíîâîê, Ïðè ýòîì A = LSU è
pseudoInverse(A) = (1/det2)WSM . det - íåíóëåâîé, ìàêñèìàëüíûé
ïî ðàçìåðó óãëîâîé ìèíîð. Åñëè ýëåìåíòû ìàòðèöû A èç êîììóòà-
òèâíîé îáëàñòè, òî âñå ìàòðèöû, êðîìå S, òàêæå ïðèíàäëåæàò ýòîé
îáëàñòè.

Ïðèìåðû.

SPACE=Z[x,y];

A=[[0, 1, x],[0, 5*y, x],[1+y,(x-1), 1]];

B=\LSUWMdet(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

 0 1 x
0 5y x

(1 + y) (x− 1) 1

 ;

B = LSUMW (A)
print(B);
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out: B =



 1 0 0
5y −5y2x− 4yx+ x 0

x− 1 0 y + 1


 0 1 0

0 0 (−1/(5y3x+ 9y2x+ 3yx− x))
(1/(y + 1)) 0 0


 y + 1 0 −x2 + x+ 1

0 1 x
0 0 −5y2x− 4yx+ x


 0 x2 − x− 1 1

1 −yx− x 0
0 y + 1 0


 −x+ 1 0 1

1 0 0
−5y2 − 5y y + 1 0





.

9.13. Ðàçëîæåíèå Áðþà

Äëÿ âû÷èñëåíèÿ ðàçëîæåíèÿ Áðþà ìàòðèöû A, íóæíî âûïîë-
íèòü êîìàíäó \BruhatDecomposition(A).

Ðåçóëüòàò � âåêòîð èç òð¼õ ìàòðèö [V,D,U ]. Çäåñü V è U � âåðõ-
íèå òðåóãîëüíûå ìàòðèöû, D � ìàòðèöà ïåðåñòàíîâîê, óìíîæåííàÿ
íà ìàòðèöó, êîòîðàÿ ÿâëÿåòñÿ îáðàòíîé ê äèàãîíàëüíîé ìàòðèöå.
Åñëè ýëåìåíòû ìàòðèöû A èç êîììóòàòèâíîé îáëàñòè R, òî è ýëå-
ìåíòû ìàòðèö V , D−1, U òàêæå ïðèíàäëåæàò îáëàñòè R.

Ïðèìåðû.

SPACE=Z[x];

A=[[1, 4,0,1], [4, 5,5,3],[1,2,2,2],[3,0,0,1]];

B=\BruhatDecomposition(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];
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A =


1 −4 0 1
4 5 5 3
1 2 2 2
3 0 0 1

 ;

B = BruhatDecomposition(A)
print(B);

out: B =




−24 0 12 1
0 60 15 4
0 0 6 1
0 0 0 3




0 0 1/(−144) 0
0 0 0 1/(−1440)
0 1/18 0 0
1/3 0 0 0




3 0 0 1
0 6 6 5
0 0 −24 −16
0 0 0 60





.

SPACE=Z[x,y];

A=[[\cos(y),\sin(x)],[\sin(y),\cos(x)]];

B=\BruhatDecomposition(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
cos(y) sin(x)
sin(y) cos(x)

)
B = BruhatDecomposition(A)
print(B);

out:B =



(
− cos(y) ∗ cos(x) + sin(x) ∗ sin(y) cos(y)

0 sin(y)

)
(

0 1/(− cos(y) sin(y) cos(x) + sin(x)(sin(y))2)
1/ sin(y) 0

)
(

sin(y) cos(x)
0 − cos(y) cos(x) + sin(x) sin(y)

)


.
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Äðóãèå îïåðàòîðû.

\pseudoInverse è � ïñåâäî îáðàòíàÿ ìàòðèöà. Îíà â îòëè÷èå îò
ìàòðèöû Ìóððà-Ïåíðîóçà, óäîâëåòâîðÿåò òîëüêî äâóì èç ÷åòûðåõ
òîæäåñòâ. Îäíàêî îíà áûñòðåå âû÷èñëÿåòñÿ;

\SVD � SVD-ðàçëîæåíèå ìàòðèöû íàä äåéñòâèòåëüíûìè ÷èñ-
ëàìè. Ðåçóëüòàò � âåêòîð èç òð¼õ ìàòðèö [U,D, V T ]. Çäåñü U, V T �
îðòîãîíàëüíûå ìàòðèöû, D � äèàãîíàëüíàÿ ìàòðèöà.

\QR � QR-ðàçëîæåíèå ìàòðèöû íàä äåéñòâèòåëüíûìè ÷èñëàìè.
Ðåçóëüòàò � âåêòîð èç äâóõ ìàòðèö [Q,R]. Çäåñü Q � îðòîãîíàëüíàÿ
ìàòðèöà, R � âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà.

\sylvesterp1, p2, type = 0or1 � ñòðîèòñÿ ìàòðèöà Ñèëüâåñòðà ïî
êîýôôèöèåíòàì ïîëèíîìîâ p1, p2. Êîëüöî Z[x,y,z,u] áóäåò ðàññìàò-
ðèâàòüñÿ êàê êîëüöî Z[u][x,y,z] (êîëüöî îò îäíîé ïåðåìåííîé u ñ êî-
ýôôèöèåíòàìè èç Z[x,y,z].) Eñëè type=0 ðàçìåð ìàòðèöû n1+n2, åñ-
ëè type=1 ðàçìåð ìàòðèöû 2 max(n1,n2).

9.14. Ðåøåíèå çàäà÷ ëèíåéíîãî ïðîãðàì-

ìèðîâàíèÿ

Ïóñòü çàäàíà öåëåâàÿ ôóíêöèÿ
∑n

j=1 cjxj è óñëîâèÿ

n∑
j=1

aijxj ⩽ bi, ãäå i = 1, 2, . . . ,m,

xj ⩾ 0, ãäå j = 1, 2, . . . , n.

Îïðåäåëèì m× n-ìàòðèöó A = (aij), m-ìåðíûé âåêòîð b = (bi),
n-ìåðíûé âåêòîð c = (cj) è n-ìåðíûé âåêòîð x = (xj).

Òîãäà öåëåâóþ ôóíêöèþ ìîæíî çàïèñàòü â âèäå cTx, à óñëîâèÿ �
â âèäå

Ax ⩽ b,

x ⩾ 0.

Äëÿ ðåøåíèÿ çàäà÷ ëèíåéíîãî ïðîãðàììèðîâàíèÿ íóæíî âûïîë-
íèòü êîìàíäó \SimplexMax èëè \SimplexMin. Ðåçóëüòàò � âåê-
òîð x.

138



Â çàâèñèìîñòè îò âèäà çàäà÷è âîçìîæíû ñëåäóþùèå âàðèàíòû
âûçîâà êîìàíä.

1. Äëÿ ðåøåíèÿ çàäà÷è

cTx → max

ïðè óñëîâèÿõ
Ax ⩽ b,

x ⩾ 0,

èñïîëüçóåì êîìàíäó \SimplexMax(A, b, c).
Åñëè öåëåâóþ ôóíêöèþ íàäî ìèíèìèçèðîâàòü, ò.å.

cTx → min,

òî èñïîëüçóåì êîìàíäó \SimplexMin(A, b, c).
Ïðèìåð.
Ìàêñèìèçèðîâàòü

3x1 + x2 + 2x3

ïðè óñëîâèÿõ 
x1 + x2 + 3x3 ⩽ 30,

2x1 + 2x2 + 5x3 ⩽ 24,
4x1 + x2 + 2x3 ⩽ 36,

x1, x2, x3 ⩾ 0.

SPACE = R64[];

A = [[1, 1, 3],[2, 2, 5],[4, 1, 2]];

b = [30, 24, 36];

c = [ 3, 1, 2];

x = \SimplexMax(A, b, c);

Ðåçóëüòàò âûïîëíåíèÿ:
in:
out: [8.0, 4.0, 0.0];

2. Äëÿ ðåøåíèÿ çàäà÷è

cTx → max

ïðè óñëîâèÿõ
A1x ⩽ b1,
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A2x = b2,

x ⩾ 0,

èñïîëüçóåì êîìàíäó \SimplexMax(A1, A2, b1, b2, c).
Åñëè öåëåâóþ ôóíêöèþ íàäî ìèíèìèçèðîâàòü, ò.å.

cTx → min,

òî èñïîëüçóåì êîìàíäó \SimplexMin(A1, A2, b1, b2, c).
Ïðèìåð.
Ìàêñèìèçèðîâàòü

7x1 + x3 − 4x4

ïðè óñëîâèÿõ  x1 − x2 + 2x3 − x4 ⩽ 6,
2x1 + x2 − x3 = −1,
x1, x2, x3, x4 ⩾ 0.

SPACE = R64[];

A1 = [[1, -1, 2, -1]];

A2 = [[2, 1, -1, 0]];

b1 = [ 6];

b2 = [-1];

c = [7, 0, 1, -4];

x = \SimplexMax(A1, A2, b1, b2, c);

Ðåçóëüòàò âûïîëíåíèÿ:
in:
out: [0.8, 0.0, 2.6, 0.0];

3. Äëÿ ðåøåíèÿ çàäà÷è

cTx → max

ïðè óñëîâèÿõ
A1x ⩽ b1,

A2x = b2,

A3x ⩾ b3,

èñïîëüçóåì êîìàíäó \SimplexMax(A1, A2, A3, b1, b2, b3, c).
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Åñëè öåëåâóþ ôóíêöèþ íàäî ìèíèìèçèðîâàòü, ò.å.

cTx → min,

òî èñïîëüçóåì êîìàíäó \SimplexMin(A1, A2, A3, b1, b2, b3, c).
Ïðèìåð.
Ìàêñèìèçèðîâàòü

x1 + x2

ïðè óñëîâèÿõ 
4x1 − x2 ⩽ 8,
2x1 + x2 ⩽ 10,

−5x1 + 2x2 ⩾ −2,
x1, x2 ⩾ 0.

SPACE = R64[];

A1 = [[ 4, -1], [2, 1]];

A3 = [[-5, 2]];

b1 = [ 8, 10];

b3 = [-2];

c = [1, 1];

x = \SimplexMax(A1, [[]], A3, b1, [], b3, c);

Ðåçóëüòàò âûïîëíåíèÿ:
in:
out: [2.0, 6.0];

4. Äëÿ ðåøåíèÿ çàäà÷è îáùåãî âèäà, êàê è â ïðåäûäóùåì ïóíêòå,

cTx → max

ìîæíî îáîéòèñü ÷åòûðüìÿ ïàðàìåòðàìè. Ìîæíî çàäàòü ìàòðè-
öó A, âåêòîð b, öåëåâóþ ôóíêöèþ c è èñïîëüçîâàòü êîìàíäó
\SimplexMax(A, signs, b, c), ãäå ìàññèâ öåëûõ ÷èñåë signs îïðåäå-
ëÿåò çíàêè ñðàâíåíèÿ: -1 îáîçíà÷àåò ìåíüøå èëè ðàâíî , 0 îáîçíà-
÷àåò ðàâíî è 1 îáîçíà÷àåò áîëüøå èëè ðàâíî. Äîëæíî áûòü â signs
ñòîëüêî æå ÷èñåë, ñêîëüêî ýëåìåíòîâ â âåêòîðå b.

Åñëè öåëåâóþ ôóíêöèþ íàäî ìèíèìèçèðîâàòü, ò.å.

cTx → min,

òî èñïîëüçóåì êîìàíäó \SimplexMin(A, signs, b, c).
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Ïðèìåð.
Ìèíèìèçèðîâàòü

−2x1 − 4x2 − 2x3

ïðè óñëîâèÿõ 
−2x1 + x2 + x3 ⩽ 4,
−x1 + x2 + 3x3 ⩽ 6,
x1 − 3x2 + x3 ⩽ 2,

x1, x2, x3 ⩾ 0.

In:

SPACE = R64[];

A = [[-2, 1, 1],[-1, 1, 3],[ 1, -3, 1]];

b = [ 4, 6, 2];

c = [-2, -4, -2];

signs = [-1, -1, -1];

x = \SimplexMin(A, signs, b, c);

Ðåçóëüòàò âûïîëíåíèÿ:
in:
out: Simplex: This problem has no �nite solution.

9.15. Êîíòðîëüíûå çàäàíèÿ

Â ñèñòåìå Mathpar äëÿ ìàòðèö A ∈ Q, B ∈ Z/(17)Z[x, y]

A =

 3 0 7
0 −5 5
4 17 2

 , B =

 0 x y + 1
x2 0 −y − x

x2 + y −x −3yx


âû÷èñëèòå

� òðàíñïîíèðîâàííóþ ìàòðèöó,

� îïðåäåëèòåëü,

� îáðàòíóþ ìàòðèöó,

� ïðèñîåäèíåííóþ ìàòðèöó,

� õàðàêòåðèñòè÷åñêèé ïîëèíîì,
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� ðàçëîæåíèå Áðþà,

� LSU ðàçëîæåíèå,

� ÿäðî îïåðàòîðà è ýøåëîííóþ ôîðìó.
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Ãëàâà 10

Ôóíêöèè òåîðèè

âåðîÿòíîñòåé è

ìàòåìàòè÷åñêîé

ñòàòèñòèêè

10.1. Ôóíêöèè íåïðåðûâíûõ ñëó÷àéíûõ

âåëè÷èí

Íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà çàäàåòñÿ ñ ïîìîùüþ èíòåðâà-
ëà (a, b) è ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé f(x). Íàïðèìåð,
a = 0; b = 2; f = 1/4 ∗ x2.

Äëÿ íåïðåðûâíûõ ñëó÷àéíûõ âåëè÷èí îïðåäåëåíû ñëåäóþùèå
ôóíêöèè:

\mathExpectation(a, b, f(x)) âû÷èñëÿåò ìàòåìàòè÷åñêîå îæè-
äàíèå íåïðåðûâíîé ñëó÷àéíîé âåëè÷èíû.

\dispersion(a, b, f(x)) âû÷èñëÿåò äèñïåðñèþ íåïðåðûâíîé ñëó-
÷àéíîé âåëè÷èíû.

\meanSquareDeviation(a, b, f(x)) âû÷èñëÿåò ñðåäíåå êâàäðà-
òè÷íîå îòêëîíåíèå íåïðåðûâíîé ñëó÷àéíîé âåëè÷èíû.

\plotDistributionFunction(a, b, F (x)) ñòðîèò ôóíêöèþ ðàñïðå-
äåëåíèÿ íåïðåðûâíîé ñëó÷àéíîé âåëè÷èíû, ãäå F(x) � ôóíêöèÿ ðàñ-
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ïðåäåëåíèÿ íà (a,b).
Ïðèìåðû.

SPACE=R64[x];

a=0;

b=4;

f=1/4;

g=\mathExpectation(a,b,f);

g1=\dispersion(a,b,f);

g2=\meanSquareDeviation(a,b,f);

\print(g, g1, g2);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x]; ;

a = 0; b = 4; f = 0.25;
g = mathExpectation(a, b, f);
g1 = dispersion(a, b, f);
g2 = meanSquareDeviation(a, b, f);
print(g, g1, g2);

out: g = 2;
g1 = 1.33;
g2 = 1.15;

SPACE=R64[x];

a=0;

b=4;

F=1/16*x^2;

\plotDistributionFunction(a, b, F);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

a = 0; b = 4;F = 1/16 ∗ x2

plotDistributionFunction(a, b, F );
out: ðèñ. ??.

10.2. Ôóíêöèè äèñêðåòíûõ ñëó÷àéíûõ âå-

ëè÷èí

Äèñêðåòíàÿ ñëó÷àéíàÿ âåëè÷èíà çàäàåòñÿ êàê ìàòðèöà, èìåþ-
ùàÿ äâå ñòðîêè. Â ïåðâîé ñòðîêå çàïèñàíû çíà÷åíèÿ ñëó÷àéíîé âå-
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Ðèñóíîê 10.1: Ôóíêöèÿ ðàñïðåäåëåíèÿ íåïðåðûâíîé ñëó÷àéíîé âå-
ëè÷èíû èç ïðèìåðà 2

ëè÷èíû, âî âòîðîé � ñîîòâåòñòâóþùèå èì âåðîÿòíîñòè. Òî åñòü êàæ-
äûé ýëåìåíò âòîðîé ñòðîêè ÿâëÿåòñÿ ÷èñëîì íà îòðåçêå [0, 1], ïðè
ýòîì è ñóììà âñåõ ýëåìåíòîâ âòîðîé ñòðîêè äîëæíà áûòü ðàâíà 1.
Íàïðèìåð, DRQ = ([1, 2, 3, 4, 5], [0.4, 0.1, 0.1, 0.2, 0.2]).

Äëÿ äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí îïðåäåëåíû ñëåäóþùèå
ôóíêöèè.

\mathExpectation(DRQ) âû÷èñëÿåò ìàòåìàòè÷åñêîå îæèäà-
íèå äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû DRQ.

\dispersion(DRQ) âû÷èñëÿåò äèñïåðñèþ äèñêðåòíîé ñëó÷àéíîé
âåëè÷èíû DRQ.

\meanSquareDeviation(DRQ) âû÷èñëÿåò ñðåäíåå êâàäðàòè÷-
íîå îòêëîíåíèå äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû DRQ.

\addQU(DRQ1, DRQ2) ñêëàäûâàåò äâå äèñêðåòíûå ñëó÷àéíûå
âåëè÷èíû DRQ1 è DRQ2.

\multiplyQU(DRQ1, DRQ2) óìíîæàåò äâå äèñêðåòíûå ñëó÷àé-
íûå âåëè÷èíû DRQ1 è DRQ2.

\covariance(DRQ1, DRQ2) âû÷èñëÿåò êîýôôèöèåíò êîâàðèà-
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öèè äâóõ äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí DRQ1 è DRQ2.
\correlation(DRQ1, DRQ2) âû÷èñëÿåò êîýôôèöèåíò êîððåëÿ-

öèè äâóõ äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí DRQ1 è DRQ2.
\plotPolygonDistribution(DRQ) ñòðîèò ìíîãîóãîëüíèê ðàñ-

ïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû DRQ.
\plotDistributionFunction(DRQ) ñòðîèò ôóíêöèþ ðàñïðåäå-

ëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû DRQ.
\simplifyQU(DRQ) óïðîùàåò äèñêðåòíóþ ñëó÷àéíóþ âåëè÷èíó

DRQ.
Ïðèìåðû.

SPACE=R64[x];

DRQ=[[1, 2], [0.2, 0.8]];

g=\mathExpectation(DRQ);

g1=\dispersion(DRQ);

g2=\meanSquareDeviation(DRQ);

\print(g, g1, g2);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x]; ;

DRQ =

(
1 2
0.2 0.8

)
;

g = mathExpectation(DRQ);
g1 = dispersion(DRQ);
g2 = meanSquareDeviation(DRQ);
print(g, g1, g2);

out: g = 1.8;
g1 = 0.16;
g2 = 0.39;

SPACE=R64[x];

DRQ=[[7, 5, 3, 5, 1], [0.2, 0.1, 0.3, 0.1, 0.3]];

g=\simplifyQU(DRQ);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

DRQ =

(
7 5 3 5 1
0.2 0.1 0.3 0.1 0.3

)
;

g = simplifyQU(DRQ);
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print(g);

out: g =

(
1 3 5 7
0.3 0.3 0.2 0.2

)
;

SPACE=R64[x];

DRQ1=[[0, 1], [0.33333, 0.66666]];

DRQ2=[[1, 2], [0.25, 0.75]];

g=\addQU(DRQ1, DRQ2);

g1= \multiplyQU(DRQ1, DRQ2);

\print(g, g1);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

DRQ1 =

(
0 1

0.33333 0.66666

)
;

DRQ2 =

(
1 2

0.25 0.75

)
;

g = addQU(DRQ1, DRQ2);
g1 = multiplyQU(DRQ1, DRQ2);
print(g, g1);

out: g =

(
1 2 3

0.08 0.41 0.49

)
;

g1 =

(
0 1 2

0.33 0.16 0.49

)
;

SPACE=R64[x];

DRQ=[[-7, -2, 0, 3, 5, 7, 9],

[0.3, 0.05, 0.2, 0.1, 0.1, 0.2, 0.05]];

\plotPolygonDistribution(DRQ);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

DRQ =

(
−7 −2 0 3 5 7 9
0.3 0.05 0.2 0.1 0.1 0.2 0.05

)
;

plotPolygonDistribution(DRQ);
out: ðèñ. ??.
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Ðèñóíîê 10.2: Ìíîãîóãîëüíèê ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé
âåëè÷èíû èç ïðèìåðà 4

10.3. Ôóíêöèè äëÿ âûáîðîê

Âûáîðêà çàäàåòñÿ êàê ìàòðèöà èç îäíîé ñòðîêè. Íàïðèìåð,
[1, 7, 10, 15].

\sampleMean(S) âû÷èñëÿåò âûáîðî÷íîå ñðåäíåå âûáîðêè S.

\sampleDispersion(S) âû÷èñëÿåò âûáîðî÷íóþ äèñïåðñèþ âû-
áîðêè S.

\covarianceCoefficient(S1, S2) âû÷èñëÿåò êîýôôèöèåíò êîâà-
ðèàöèè äëÿ 2 âûáîðoê S1 è S2.

\correlationCoefficient(S1, S2) âû÷èñëÿåò êîýôôèöèåíò êîððå-
ëÿöèè äëÿ 2 âûáîðoê S1 è S2.

Ïðèìåð.

SPACE=R64[x];

S1=[0, 1];

S2=[1, 2];

g=\sampleMean(S1);

g1=\sampleDispersion(S1);
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g2=\covarianceCoefficient(S1, S2);

g3=\correlationCoefficient(S1, S2);

\print(g, g1, g2, g3);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

S1 = [0, 1];
S2 = [1, 2];
g = sampleMean(S1);
g1 = sampleDispersion(S1);
g2 = covarianceCoefficient(S1, S2);
g3 = correlationCoefficient(S1, S2);
print(g, g1, g2, g3);

out: g = 0.5;
g1 = 0.25;
g2 = 0.25;
g3 = 1.00.

10.4. Êîíòðîëüíûå çàäàíèÿ

Çàäàíû äèñêðåòíûå ñëó÷àéíûå âåëè÷èíû M è K
M K

1 1. 2 1. 4 1. 6 1. 8 0. 9 1. 0 1. 1 1. 2 1. 3
0. 1 0. 1 0. 3 0. 4 0. 1 0. 2 0. 3 0. 2 0. 2 0. 1
Â Mathpar íàéäèòå

� ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíûõ âåëè÷èí M è K,

� äèñïåðñèþ ñëó÷àéíûõ âåëè÷èí M è K,

� ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå ñëó÷àéíûõ âåëè÷èí M è K,

� ñóììó, ïðîèçâåäåíèå ñëó÷àéíûõ âåëè÷èí M è K,

� êîýôôèöèåíò êîâàðèàöèè ñëó÷àéíûõ âåëè÷èí M è K,

� êîýôôèöèåíò êîððåëÿöèè ñëó÷àéíûõ âåëè÷èí M è K.

� Ïîñòðîéòå ìíîãîóãîëüíèê ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àé-
íîé âåëè÷èíû M è åå ôóíêöèè ðàñïðåäåëåíèÿ.
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Ãëàâà 11

Îïåðàòîðû óïðàâëåíèÿ.

Ïðîöåäóðíîå

ïðîãðàììèðîâàíèå

11.1. Ïðîöåäóðû è ôóíêöèè

Ñèñòåìà Mathpar ïîçâîëÿåò ñîçäàâàòü ñâîè ïðîöåäóðû è ôóíê-
öèè. Äëÿ ýòîãî èñïîëüçóåòñÿ êîìàíäà \procedure. Ïîñëå êîìàíäû
óêàçûâàåòñÿ èìÿ ïðîöåäóðû è â ôèãóðíûõ ñêîáêàõ îïèñûâàåòñÿ ñà-
ìà ïðîöåäóðà.

Ïðèìåð.

\procedure myProc2() {

d = 4;

\print(d);

}

\procedure myProc(c, d) {

if (c < d) {

\return d;

} else {

\return d+5;

}

}

\myProc2();
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a = 10;

c = \myProc(5 + a, a);

\print(a, c);

Ðåçóëüòàò âûïîëíåíèÿ:
d = 4; a = 10; c = 15.

11.2. Îïåðàòîðû âåòâëåíèÿ è öèêëîâ

Ñèñòåìà Mathpar äàåò âîçìîæíîñòü èñïîëüçîâàòü îïåðàòîðû
âåòâëåíèÿ è öèêëîâ.

\if() { } \else { } � îïåðàòîð âåòâëåíèÿ;
\while() { } � îïåðàòîð öèêëà ñ ïðåäóñëîâèåì;
\for( ; ; ) { } � îïåðàòîð öèêëà ñ ñ÷åò÷èêîì.

Ïðèìåðû.
a = 5; b = 1;

if (b < a) {

b = b + a;

} else {

\print(a, b);

}

if (b < a) {

b = b + a;

} else {

\print(a, b);

}

Ðåçóëüòàò âûïîëíåíèÿ:
a = 5; b = 6;

a = 0;

b = 10;

while (a < b) {

a = a + 5;

\print(a);

}

Ðåçóëüòàò âûïîëíåíèÿ:
a = 5; a = 10;

152



for (i = 3; i \le 11; i = i + 5) {

\print(i);

}

Ðåçóëüòàò âûïîëíåíèÿ:
i = 3; i = 8.

11.3. Êîíòðîëüíûå çàäàíèÿ

Â Mathpar íàïèøèòå ïðîãðàììó:

� äëÿ ïîèñêà íàèáîëüøåãî êîýôôèöèåíòà ìàòðèöû,

� äëÿ âûâîäà âñåõ ÷èñåë îò 1 äî 3000, êîòîðûå äåëÿòñÿ íà 252, à
ïðè äåëåíèè íà 101 äàþò â îñòàòêå 3.
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Ãëàâà 12

Âû÷èñëåíèÿ â

èäåìïîòåíòíûõ àëãåáðàõ

12.1. Òðîïè÷åñêèå àëãåáðû

Îïðåäåëåíû ñëåäóþùèå òðîïè÷åñêèå àëãåáðû :

ÏÎËÓÏÎËß
1) Íà ìíîæåñòâå öåëûõ ÷èñåë Z îïðåäåëåíû:
ZMaxPlus, ZMinP lus.
2) Íà ìíîæåñòâå ÷èñåë R îïðåäåëåíû:
RMaxPlus, RMinP lus, RMaxMult, RMinMult.
3) Íà ìíîæåñòâå ÷èñåë R64 îïðåäåëåíû:
R64MaxPlus, R64MinPlus, R64MaxMult, R64MinMult.

ÏÎËÓÊÎËÜÖÀ
1) Íà ìíîæåñòâå öåëûõ ÷èñåë Z îïðåäåëåíû:
ZMaxMin, ZMinMax, ZMaxMult, ZMinMult.
2) Íà ìíîæåñòâå ÷èñåë R îïðåäåëåíû:
RMaxMin, RMinMax.
3) Íà ìíîæåñòâå ÷èñåë R64 îïðåäåëåíû:
R64MaxMin, R64MinMax.

Ïðèìåðû òðîïè÷åñêèõ àëãåáð:

SPACE = ZMaxPlus [x, y, z];

SPACE = R64MinMult [u, v];
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SPACE = RMaxMin [u, v].
Ïðèìåð ïðîñòîé çàäà÷è â ïîëóêîëüöå ZMaxMult.

Ïðèìåð 1.
SPACE = ZMaxMult[x, y];

a = 2; b = 9; c = a + b; d = a*b; \print(c, d)

Ðåçóëüòàò âûïîëíåíèÿ:
c = 9;
d = 18.

Ïîìèìî ñëîæåíèÿ è óìíîæåíèÿ äîñòóïíà îïåðàöèÿ çàìûêàíèÿ,
âûçûâàåìàÿ êîìàíäîé \closure(a), ãäå a � ýëåìåíò èëè ìàòðèöà.
Çàìûêàíèå closure(a) = 1⊕ a⊕ a2 ⊕ . . .

Ïðèìåð 2.
SPACE = R64MaxPlus[x, y];

A = [

[0.0, -0.6, -0.62, -3.76],

[-6.29, 0.0, -0.99, -7.61],

[-2.74, -0.86, 0.0, -3.47],

[-6.31, -5.11, -2.69, 0.0]

];

B = \closure(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:

B =


0.0 −0.6 −0.62 −3.76

−3.74 0.0 −0.99 −4.46
−2.74 −0.86 0.0 −3.47
−5.43 −3.55 −2.69 0.0


Â îñòàëüíûõ ïàðàãðàôàõ ýòîé ãëàâû ïðèâåäåíû ïðèìåðû çàäà÷,

êîòîðûå ðåøàþòñÿ â òðîïè÷åñêèõ àëãåáðàõ, ÿâëÿþùèõñÿ ïîëóïîëÿ-
ìè.

12.2. Ðåøåíèå ñèñòåì ëèíåéíûõ àëãåáðà-

è÷åñêèõ óðàâíåíèé

Êîìàíäà \solveLAETropic(A, b) ïîçâîëÿåò íàéòè ÷àñòíîå ðåøå-
íèå óðàâíåíèÿ âèäà Ax = b.

Ïðèìåð 3.
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SPACE = R64MaxPlus[x, y];

A = [

[1.00, 1.00, 0.00],

[2.00, 0.00, 3.00],

[3.00, 4.00, 2.00]

];

b = [8.00, 7.00, 11.00];

X = \solveLAETropic(A, b);

\print(X);

Ðåçóëüòàò âûïîëíåíèÿ:

X =

 5.00
7.00
4.00


12.3. Ðåøåíèå ñèñòåì ëèíåéíûõ àëãåáðà-

è÷åñêèõ íåðàâåíñòâ

Êîìàíäà \solveLAITropic(A, b) ïîçâîëÿåò íàéòè ðåøåíèå íåðà-
âåíñòâà Ax ⩽ b.

Ïðèìåð 4.
SPACE = R64MaxPlus[x, y];

A = [

[1.00, 1.00, 0.00],

[2.00, 0.00, 3.00],

[3.00, 4.00, 2.00]

];

b = [10.00, 7.00, 11.00];

X = \solveLAITropic(A, b);

\print(X);

Ðåçóëüòàò âûïîëíåíèÿ:
X = [(−∞, 5.00], (−∞, 7.00], (−∞, 4.00]]

Ïðèìåð 5.
SPACE = ZMinPlus[x, y];

A = [

[1, 1, 0],

[2, 0, 3],
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[3, 4, 2]

];

b = [10, 7, 11];

X = \solveLAITropic(A, b);

\print(X);

Ðåçóëüòàò âûïîëíåíèÿ:
X = [[9,∞), [9,∞), [10,∞)]

12.4. Ðåøåíèå óðàâíåíèÿ Áåëëìàíà

12.4.1. Îäíîðîäíîå óðàâíåíèå Áåëëìàíà

Êîìàíäà \BellmanEquation(A) ïîçâîëÿåò íàéòè ðåøåíèå îäíîðîä-
íîãî óðàâíåíèÿ Áåëëìàíà Ax = x.

Ïðèìåð 6.

SPACE = R64MaxPlus[x, y]; TIMEOUT=16;

A = [

[0.00, -2.00, -\infty, -\infty],

[-\infty, 0.00, 3.00, -1.00],

[-1.00, -\infty, 0.00, -4.00],

[2.00, -\infty, -\infty, 0.00]

];

X = \BellmanEquation(A);

\print(X);

Ðåçóëüòàò âûïîëíåíèÿ:

X =


0.00 −2.00 1.00 −3.00
2.00 0.00 3.00 −1.00
−1.00 −3.00 0.00 −4.00
2.00 0.00 3.00 0.00




v1
v2
v3
v4

 ,∀v1, v2, v3, v4.

12.4.2. Íåäíîðîäíîå óðàâíåíèå Áåëëìàíà

Êîìàíäà \BellmanEquation(A, b) ïîçâîëÿåò íàéòè ðåøåíèå íåîäíî-
ðîäíîãî óðàâíåíèÿ Áåëëìàíà Ax⊕ b = x.

Ïðèìåð 7.
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SPACE = R64MaxPlus[x, y]; TIMEOUT=16;

A = [

[0.00, -2.00, -\infty, -\infty],

[-\infty, 0.00, 3.00, -1.00],

[-1.00, -\infty, 0.00, -4.00],

[2.00, -\infty, -\infty, 0.00]

];

b = [[1], [-\infty], [-\infty], [-\infty]];

X = \BellmanEquation(A, b);

\print(X);

Ðåçóëüòàò âûïîëíåíèÿ:

X =


0.00 −2.00 1.00 −3.00
2.00 0.00 3.00 −1.00
−1.00 −3.00 0.00 −4.00
2.00 0.00 3.00 0.00




v1
v2
v3
v4

⊕


1.00
3.00
0.00
3.00

 ,∀v1, v2, v3, v4.

12.5. Ðåøåíèå íåðàâåíñòâà Áåëëìàíà

12.5.1. Îäíîðîäíîå íåðàâåíñòâî Áåëëìàíà

Êîìàíäà \BellmanInequality(A) ïîçâîëÿåò íàéòè ðåøåíèå îäíîðîä-
íîãî íåðàâåíñòâà Áåëëìàíà Ax ⩽ x.

12.5.2. Íåäíîðîäíîå íåðàâåíñòâî Áåëëìàíà

Êîìàíäà \BellmanInequality(A, b) ïîçâîëÿåò íàéòè ðåøåíèå íåîä-
íîðîäíîãî íåðàâåíñòâà Áåëëìàíà Ax⊕ b ⩽ x.

12.6. Íàõîæäåíèå êðàò÷àéøåãî ïóòè

ìåæäó âåðøèíàìè ãðàôà

12.6.1. Âû÷èñëåíèå òàáëèöû êðàò÷àéøèõ ðàññòî-
ÿíèé äëÿ âñåõ âåðøèí ãðàôà

Ïóñòü A - ìàòðèöà ðàññòîÿíèé ìåæäó ñìåæíûìè âåðøèíàìè (xii=0
∀i; xij = ∞, åñëè íåò ðåáðà, ñîåäèíÿþùåãî âåðøèíû i è j). Êîìàíäà
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\searchLeastDistances(A) ïîçâîëÿåò íàéòè íàèìåíüøèå ðàññòîÿíèÿ
ìåæäó âñåìè âåðøèíàìè ãðàôà. Â ðåçóëüòàòå áóäåò ïîëó÷åíà ìàò-
ðèöà êðàò÷àéøèõ ðàññòîÿíèé ìåæäó âåðøèíàìè.

Ïðèìåð 8.

SPACE = R64MinPlus[x, y]; TIMEOUT=16;

A = [

[0.00, 7.00, 9.00, \infty, \infty, 14.00],

[7.00, 0.00, 10.00, 15.00, \infty, \infty],

[9.00, 10.00, 0.00, 11.00, \infty, 2.00],

[\infty, 15.00, 11.00, 0.00, 6.00, \infty],

[\infty, \infty, \infty, 6.00, 0.00, 9.00],

[14.00, \infty, 2.00, \infty, 9.00, 0.00]

];

B = \searchLeastDistances(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:

B =


0.00 7.00 9.00 20.00 20.00 11.00
7.00 0.00 10.00 15.00 21.00 12.00
9.00 10.00 0.00 11.00 11.00 2.00
20.00 15.00 11.00 0.00 6.00 13.00
20.00 21.00 11.00 6.00 0.00 9.00
11.00 12.00 2.00 13.00 9.00 0.00


12.6.2. Íàõîæäåíèå êðàò÷àéøåãî ïóòè ìåæäó

äâóìÿ âåðøèíàìè ãðàôà

Ïóñòü A - ìàòðèöà ðàññòîÿíèé ìåæäó ñìåæíûìè âåðøèíàìè (xii=0
∀i; xij = ∞, åñëè íåò ðåáðà, ñîåäèíÿþùåãî âåðøèíû i è j). Êîìàí-
äà \findTheShortestPath(A, i, j) ïîçâîëÿåò íàéòè êðàò÷àéøèé ïóòü
ìåæäó âåðøèíàìè i è j.

Ïðèìåð 9.

SPACE = R64MinPlus[x, y]; TIMEOUT=16;

A = [

[0.00, 7.00, 9.00, \infty, \infty, 14.00],

[7.00, 0.00, 10.00, 15.00, \infty, \infty],

[9.00, 10.00, 0.00, 11.00, \infty, 2.00],
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[\infty, 15.00, 11.00, 0.00, 6.00, \infty],

[\infty, \infty, \infty, 6.00, 0.00, 9.00],

[14.00, \infty, 2.00, \infty, 9.00, 0.00]

];

X = \findTheShortestPath(A, 0, 4);

\print(X);

Ðåçóëüòàò âûïîëíåíèÿ:
X = [[0, 2, 5, 4]]
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Ãëàâà 13

Âû÷èñëåíèÿ íà

ñóïåðêîìïüþòåðå

Äëÿ ðåøåíèÿ âû÷èñëèòåëüíûõ çàäà÷, òðåáóþùèõ áîëüøîãî âðåìå-
íè âû÷èñëåíèé èëè áîëüøèõ îáúåìîâ ïàìÿòè, ðàçðàáîòàíû ñïåöè-
àëüíûå ôóíêöèè, êîòîðûå ïðåäîñòàâëÿþò ïîëüçîâàòåëþ ðåñóðñû
ñóïåðêîìïüþòåðà. Ïðè èñïîëüçîâàíèè ýòèõ ôóíêöèé âû÷èñëåíèÿ
ïðîèçâîäÿòñÿ íå íà îäíîì ïðîöåññîðå, à íà âûäåëåííîì ìíîæåñòâå
ÿäåð ñóïåðêîìïüþòåðà, êîëè÷åñòâî êîòîðûõ çàêàçûâàåò ïîëüçîâà-
òåëü. Èìåþòñÿ ñëåäóþùèå ôóíêöèè, êîòîðûå èñïîëüçóþò ñóïåðêîì-
ïüþòåð (ïàðôóíêöèè).

1) \matMultPar1x8 � âû÷èñëåíèå ïðîèçâåäåíèÿ äâóõ ìàòðèö;

2) \adjointDetPar � âû÷èñëåíèå ïðèñîåäèíåííîé ìàòðèöû;

3) \charPolPar � âû÷èñëåíèå õàðàêòåðèñòè÷åñêîãî ïîëèíîìà
ìàòðèöû;

4) \polMultPar � âû÷èñëåíèå ïðîèçâåäåíèÿ äâóõ ïîëèíîìîâ;

5) \BellmanEquationParA � ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ
Áåëëìàíà Ax = x;

6) \BellmanEquationParA, b � ðåøåíèå îäíîðîäíîãî óðàâíå-
íèÿ Áåëëìàíà Ax+ b = x;

7) \BellmanInequalityParA � ðåøåíèå îäíîðîäíîãî íåðàâåí-
ñòâà Áåëëìàíà Ax ⩽ x;

8) \BellmanInequalityParA, b � ðåøåíèå îäíîðîäíîãî íåðàâåí-
ñòâà Áåëëìàíà Ax+ b ⩽ x;

Äî ïðèìåíåíèÿ ëþáîé èç ýòèõ ôóíêöèé ïîëüçîâàòåëü äîëæåí
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óêàçàòü ïàðàìåòðû, îïðåäåëÿþùèå ïàðàëëåëüíîå îêðóæåíèå:
TOTALNODES � îáùåå êîëè÷åñòâî óçëîâ êëàñòåðà, êîòîðûå

âûäåëÿþòñÿ äëÿ âû÷èñëåíèé,
PROCPERNODE � êîëè÷åñòâî MPI-ïðîöåññîâ, çàïóñêàåìûõ

íà îäíîì óçëå,
CLUSTERTIME � ìàêñèìàëüíîå âðåìÿ (â ìèíóòàõ) âûïîëíå-

íèÿ ïðîãðàììû, ïîñëå èñòå÷åíèÿ êîòîðîãî ïðîãðàììà ïðèíóäèòåëü-
íî çàâåðøèòñÿ,

MAXCLUSTERMEMORY � îáúåì ïàìÿòè, âûäåëÿåìûé äëÿ
JVM äëÿ îäíîãî MPI-ïðîöåññà (îïöèÿ -Xmx).

Äëÿ çàäàíèÿ êîëè÷åñòâà ÿäåð íà îäíîì óçëå ïîëüçîâàòåëü
äîëæåí çíàòü, êàêîé êëàñòåð èñïîëüçóåòñÿ è ñêîëüêî äîñòóïíî
åìó ÿäåð íà óçëå. Ïî óìîë÷àíèþ ïàðàìåòðû TOTALNODES è
PROCPERNODE óñòàíàâëèâàþòñÿ òàê, ÷òîáû èñïîëüçîâàëàñü ïî-
ëîâèíà âñåõ óçëîâ êëàñòåðà è íà êàæäîì óçëå áûëî çàïóùåíî ïî îä-
íîìó ïðîöåññó, à CLUSTERTIME äâóì ìèíóòàì. Åñëè íà îäíîì
óçëå çàïóñêàåòñÿ K ïðîöåññîâ, òî êàæäîìó èç íèõ áóäåò âûäåëåíî
MAXCLUSTERMEMORY/K ìåãàáàéò ïàìÿòè.

13.1. Ïàðàëëåëüíûå ïîëèíîìèàëüíûå âû-

÷èñëåíèÿ

Äëÿ ïàðàëëåëüíîãî âû÷èñëåíèÿ ïðîèçâåäåíèÿ ïîëèíîìîâ íàäî
èñïîëüçîâàòü êîìàíäó \polMultPar(p1, p2), ãäå p1, p2 � âõîäíûå
ïîëèíîìû.

Ïðèìåð.

TOTALNODES = 2;

PROCPERNODE = 1;

A=x^2+3y;

B=x^2+3y+3z;

\polMultPar(A, B);

13.2. Ïàðàëëåëüíûå ìàòðè÷íûå âû÷èñëå-

íèÿ

Äëÿ ïàðàëëåëüíîãî âû÷èñëåíèÿ ïðîèçâåäåíèÿ ìàòðèö m1 è m2
íåîáõîäèìî èñïîëüçîâàòü êîìàíäó Ïðèìåð.
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TOTALNODES = 2;

PROCPERNODE = 1;

A=[[0,1],[2,3]];

B=[[0,1],[2,3]];

\matMultPar1x8(A, B);

Äëÿ ïàðàëëåëüíîãî âû÷èñëåíèÿ ïðèñîåäèíåííîé ìàòðèöû äëÿ
ìàòðèöû m ìîæíî èñïîëüçîâàòü êîìàíäó Ïðèìåð.

TOTALNODES = 2;

PROCPERNODE = 1;

SPACE = Z[x];

A=[[0,1],[2,3]];

\adjointDetPar(A);

13.3. Çàïóñê ñîáñòâåííûõ ïàðàëëåëüíûõ

ïðîãðàìì

Mathpar ïîçâîëÿåò çàãðóæàòü è èñïîëíÿòü ñîáñòâåí-
íûå ïàðàëëåëüíûå ïðîãðàììû. Ïàêåò ñ ïðîãðàììîé äîë-
æåí ðàñïîëîãàòüñÿ â êîðíåâîé äèðåêòîðèè ïðîåêòà mathpar.
Äëÿ òîãî, ÷òîáû âàøà ïðîãðàììà ñìîãëà âçàèìîäåéñòâî-
âàòü ñ ñèñòåìîé óïðàâëåíèÿ çàäàíèÿìè, íåîáõîäèìî â âàø
main-ìåòîä äîáàâèòü ñòðîêó èíèöèàëèçàöèè QueryResult
queryRes=Tools.getDataFromClusterRootNode(args) (ñðàçó ïî-
ñëå MPI.Init) è ñòðîêó çàâåðøåíèÿ Tools.sendFinishMessage(args)
(ïåðåä MPI.Finalize), ýòîò êîä áóäåò îäèíàêîâ äëÿ âñåõ âàøèõ
ïðîãðàìì). Òàêæå âû ìîæåòå ïåðåäàòü âàøåé ïðîãðàììå ëþáûå
àðãóìåíòû èç web-èíòåðôåéñà Mathpartner. Âíóòðè ïðîãðàììû èõ
ìîæíî ïîëó÷èòü, âûçâàâ ìåòîä queryRes.getData(). Íèæå ïðèâåäåí
ïðèìåð ïàðàëëåëüíîé ïðîãðàììû, êîòîðàÿ ïðîñòî âûâîäèò â
ñòàíäàðòíûé ïîòîê âûâîäà ïåðåäàííûå åé àðãóìåíòû .

MPI.Init(args);

QueryResult queryRes=Tools.getDataFromClusterRootNode(args);

int myRank=MPI.COMM_WORLD.getRank();

if (myRank == 0) {

Object []ar=queryRes.getData();
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System.out.println("test...");

for (int i=0; i<ar.length; i++){

System.out.println(((Element)ar[i]).intValue());

}

}

Tools.sendFinishMessage(args);

MPI.Finalize();

Äàëåå ïðîãðàììó íóæíî ñêîìïèëèðîâàòü, è ïàïêó ñ ïðîãðàì-
ìîé çàïàêîâàòü â zip-àðõèâ. Çàòåì íóæíî çàãðóçèòü ïîëó÷åííûé àð-
õèâ íà ñåðâåð, âîñïîëüçîâàâøèñü âêëàäêîé "ôàéëû"è íàæàâ êíîïêó
"çàãðóçèòü ôàéë". Äàëåå âñÿ ðàáîòà áóäåò âûïîëíÿòüñÿ ñ ïîìîùüþ
ôóíêöèé mathpar.

Îïåðàòèâíàÿ ïàìÿòü äåëèòñÿ ìåæäó âñåìè ÿäðàìè ïðîöåññîðà
ïîðîâíó. Äëÿ ïðèìåðà, åñëè íà óçëå êëàñòåðà èìååòñÿ 8GB ïàìÿòè,
òî åñëè âû çàïðîñèëè 4 ÿäðà íà îäíîì ïðîöåññîðå, êàæäîìó áóäåò
âûäåëåíî 2GB, à åñëè îäíî ÿäðî - òî îíî ïîëó÷èò âñå 8GB.

Êîìàíäà äëÿ çàãðóçêè âàøåãî zip-àðõèâà, â êîòîðîì ñêîìïèëè-
ðîâàííûå java-êëàññû, âûãëÿäèò ñëåäóþùèì îáðàçîì:

\uploadToCluster(FileName), ãäå FileName - èìÿ zip-àðõèâà.

×òîáû ïðîñìîòðåòü ñïèñîê âñåõ âàøèõ çàãðóæåííûõ íà êëàñòåð
ôàéëîâ, èñïîëüçóåòñÿ êîìàíäà

\showFileList().

Äëÿ çàïóñêà âàøåé ïðîãðàììû èñïîëüçóåòñÿ êîìàíäà

\runUploadedClass(archieveName, classPath, param0, param1, ...),
ãäå archieveName - èìÿ çàãðóæåííîãî zip-àðõèâà ñ ïðîãðàììîé,
classPath - ïóòü äî êëàññà, ñîäåðæàùåãî main-ìåòîä (ñ óêàçàíèåì
ïàêåòîâ), paramX - ïðîèçâîëüíûå ïàðàìåòðû, óêàçàííûå ÷åðåç
çàïÿòóþ, êîòîðûå áóäóò ïåðåäàíû â âàøó ïðîãðàììó.

×òîáû ñëåäèòü çà ðàáîòîé çàïóùåííîé ïðîãðàììû, èñïîëüçóåòñÿ
êîìàíäà

\getStatus(taskID)

Òàêæå èìååòñÿ âîçìîæíîñòü ïîëó÷èòü ñïèñîê âñåõ çàäà÷ òåêó-
ùåãî ïîëüçîâàòåëÿ ñ îïèñàíèåì èõ ñîñòîÿíèé:

\showTaskList()

Äëÿ òîãî, ÷òîáû ïîëó÷èòü ñîäåðæèìîå ôàéëîâ ñ ïîòîêîì ñòàí-
äàðòíîãî âûâîäà/îøèáîê, èñïîëüçóþòñÿ êîìàíäû

\getOut(taskID)
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\getErr(taskID)
Ôàéëû çàäà÷è (ôàéëû, ñîäåðæàùèå ïîòîê âûâîäà/îøèáîê) õðà-

íÿòñÿ íà êëàñòåðå äâîå ñóòîê, zip-àðõèâû, ñîäåðæàùèå ñêîìïèëèðî-
âàííûå java-êëàññû, õðàíÿòñÿ 30 äíåé.
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Ãëàâà 14

Ñïèñîê îïåðàòîðîâ

Ïðàâèëî îáðàçîâàíèÿ íàèìåíîâàíèé ìàòåìàòè÷åñêèõ îáú-
åêòîâ

Çàãëàâíûå è ñòðî÷íûå áóêâû âñþäó ðàçëè÷àþòñÿ. Ïîëüçîâàòåëü
ìîæåò äàâàòü ëþáûå èìåíà äëÿ ìàòåìàòè÷åñêèõ îáúåêòîâ. Îäíàêî
ýòè èìåíà íå äîëæíû ñîâïàäàòü ñ îïåðàòîðàìè è êîíñòàíòàìè, êîòî-
ðûå îïðåäåëåíû â ñèñòåìå. Êðîìå òîãî, èìåíà îáúåêòîâ, óìíîæåíèå
êîòîðûõ íå êîììóòàòèâíî, íàïðèìåð, âåêòîðîâ è ìàòðèö, äîëæíû
íà÷èíàòüñÿ ñ çàãëàâíûõ ëàòèíñêèõ áóêâ, à âñå îñòàëüíûå èìåíà îáú-
åêòîâ äîëæíû íà÷èíàòüñÿ ñî ñòðî÷íûõ áóêâ. Ýòî äàåò âîçìîæíîñòü
ñðàçó ïîñëå ââîäà àâòîìàòè÷åñêè ïîëó÷àòü óïðîùåííîå âûðàæåíèå.

Ïðèâåäåì ñïèñîê îñíîâíûõ îïåðàòîðîâ ñèñòåìû Mathpar.
\clean � óäàëåíèå âñåõ ââåäåííûõ èìåí îáúåêòîâ. Åñëè â îïåðà-

òîðå ïåðå÷èñëåíû èìåíà îáúåêòîâ, òî óäàëÿþòñÿ òîëüêî îáúåêòû ñ
ýòèìè èìåíàìè.

Èíôèêñíûå àðèôìåòè÷åñêèå îïåðàòîðû
+ � ñëîæåíèå;
- � âû÷èòàíèå;
/ � äåëåíèå;
* � óìíîæåíèå (ìîæíî èñïîëüçîâàòü ïðîáåë âìåñòî çíàêà óìíî-

æåíèÿ);
\times � íåêîììóòàòèâíîå óìíîæåíèå.
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Ïîñòôèêñíûå àðèôìåòè÷åñêèå îïåðàòîðû
! � ôàêòîðèàë;
x̂ {} � âîçâåäåíèå â ñòåïåíü;

Èíôèêñíûå îïåðàòîðû ñðàâíåíèÿ.
\le � ìåíüøå èëè ðàâíî;
> � áîëüøå;
< � ìåíüøå;
\ge � áîëüøå èëè ðàâíî;
== � ðàâíî;
\ne � íåðàâíî.

Èíôèêñíûå ëîãè÷åñêèå îïåðàòîðû
\lor � äèçúþíêöèÿ;
\& � êîíúþíêöèÿ;
\neg � îòðèöàíèå.
Îñíîâíûå ïðåôèêñíûå îïåðàòîðû
\d � ñèìâîë äèôôåðåíöèðîâàíèÿ ïðè çàïèñè äèôôåðåíöèàëü-

íîãî óðàâíåíèÿ;
\D � ïðîèçâîäíàÿ ôóíêöèè: \D(f) è \D(f, x) � ïåðâàÿ ïðîèç-

âîäíàÿ ïî x; D(f, ŷ 3) � òðåòüÿ ïðîèçâîäíàÿ ïî y è ò. ä.;
\expand � ïðåîáðàçîâàíèå âûðàæåíèÿ â ñóììó ñ ðàñêðûòèåì

âñåõ ñêîáîê â âûðàæåíèè;
\fullExpand � ïðåîáðàçîâàíèå â ñóììó âûðàæåíèÿ, êîòîðîå

ñîäåðæèò ëîãàðèôìè÷åñêèå, ïîêàçàòåëüíûå è òðèãîíîìåòðè÷åñêèå
ôóíêöèè;

\extendedGCD � ðàñøèðåííûé àëãîðèòì âû÷èñëåíèÿ íàè-
áîëüøåãî îáùåãî äåëèòåëÿ (ÍÎÄ) ïîëèíîìîâ. Â ðåçóëüòàòå ïîëó-
÷àåòñÿ âåêòîð, ñîäåðæàùèé ÍÎÄ è äîïîëíèòåëüíûå ìíîæèòåëè àð-
ãóìåíòîâ;

\GCD � âû÷èñëåíèå ÍÎÄ ïîëèíîìîâ;
\factor � ïðåäñòàâëåíèå âûðàæåíèÿ â âèäå ïðîèçâåäåíèÿ;
\fullFactor � ïðåäñòàâëåíèå âûðàæåíèÿ, ñîäåðæàùåãî ëîãàðèô-

ìè÷åñêèå è ïîêàçàòåëüíûå ôóíêöèè, â âèäå ïðîèçâåäåíèÿ;
\initCond � çàäàíèå íà÷àëüíûõ óñëîâèé äëÿ ñèñòåìû ëèíåéíûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé;
\LCM � âû÷èñëåíèå íàèìåíüøåãî îáùåãî êðàòíîãî (ÍÎÊ) ïî-

ëèíîìîâ;
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\lim � ïðåäåë âûðàæåíèÿ;
\print � ïå÷àòü âûðàæåíèé. Àðãóìåíòàìè âûñòóïàþò èìåíà âû-

ðàæåíèé, ðàçäåëåííûå çàïÿòûìè. Êàæäîå âûðàæåíèå áóäåò ïå÷à-
òàòüñÿ íà íîâîé ñòðîêå;

\printS � ïå÷àòü âûðàæåíèé â îäíó ñòðî÷êó, äëÿ ïåðåõîäà íà
ñëåäóþùóþ ñòðî÷êó íóæíî èñïîëüçîâàòü ¾\n¿;

\plot � ïîñòðîåíèå ãðàôèêà ôóíêöèè, êîòîðàÿ çàäàíà ÿâíî;
\plot3D � ïîñòðîåíèå ãðàôèêà ôóíêöèè äâóõ ïåðåìåííûõ, êî-

òîðàÿ çàäàíà ÿâíî;
\paramPlot � ïîñòðîåíèå ãðàôèêà ôóíêöèè, êîòîðàÿ çàäàíà

ïàðàìåòðè÷åñêè;
\tablePlot � ïîñòðîåíèå ãðàôèêà ôóíêöèè, çàäàííîé òàáëèöåé

àðãóìåíòîâ è çíà÷åíèé;
\prod � ïðîèçâåäåíèå (ñèìâîë

∏
);

\randomPolynom � ãåíåðàöèÿ ñëó÷àéíîãî ïîëèíîìà;
\randomMatrix � ãåíåðàöèÿ ñëó÷àéíîé ìàòðèöû;
\randomNumber � ãåíåðàöèÿ ñëó÷àéíîãî ÷èñëà;
\sequence � çàäàíèå ïîñëåäîâàòåëüíîñòè;
\showPlots � ïîñòðîåíèå â îäíîé ñèñòåìå êîîðäèíàò ãðàôèêîâ

ôóíêöèé, êîòîðûå äîëæíû áûòü îïðåäåëåíû ðàíüøå;
\solveLDE � ðåøåíèå ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé;
\systLAE � çàäàíèå ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-

íèé;
\systLDE � çàäàíèå ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé;
\sum � ñóììà (ñèìâîë

∑
);

\time � îïðåäåëåíèå ïðîöåññîðíîãî âðåìåíè â ìèëëèñåêóíäàõ;
\value � âû÷èñëåíèå çíà÷åíèå âûðàæåíèÿ ïðè ïîäñòàíîâêå çà-

äàííûõ âûðàæåíèé èëè ÷èñåë âìåñòî ïåðåìåííûõ êîëüöà.

Îïåðàòîðû ïðîöåäóðû, âåòâëåíèÿ è öèêëà
\procedure � îïåðàòîð îáúÿâëåíèÿ ïðîöåäóðû;
if( ){ }else{ } � îïåðàòîð âåòâëåíèÿ;
while( ){ } � îïåðàòîð öèêëà ñ ïðåäóñëîâèåì;
for( ; ; ){ } � îïåðàòîð öèêëà ñî ñ÷åò÷èêîì.

Ìàòðèöû, èõ ýëåìåíòû è ìàòðè÷íûå îïåðàòîðû
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[ , ] � çàäàíèå âåêòîðà (ñòðîêè);
[[ , ], [ , ]] � çàäàíèå ìàòðèöû;
A_{i,j} � (i,j)-ýëåìåíò ìàòðèöû A;
A_{i,?} � ñòðîêà i ìàòðèöû A;
A_{?,j} � ñòîëáåö j ìàòðèöû A;
\O_{n,m} � íóëåâàÿ ìàòðèöà ðàçìåðà n×m ;
\I_{n,m} � n×m ìàòðèöà ñ åäèíèöàìè íà ãëàâíîé äèàãîíàëè;
+, -, * � ñëîæåíèå, âû÷èòàíèå, óìíîæåíèå;
\rowNumb() � ÷èñëî ñòðîê ìàòðèöû (èëè âåêòîðà);
\colNumb() � ÷èñëî ñòîëáöîâ ìàòðèöû (èëè âåêòîðà);
\size() � îáà ðàçìåðà ìàòðèöû (èëè ÷èñëî êîìïîíåíò âåêòîðà);
\charPolynom() � õàðàêòåðèñòè÷åñêèé ïîëèíîì;
\kernel() � ÿäðî îïåðàòîðà (íóëü-ïðîñòðàíñòâî);
\transpose() èëè A ̂ {T} � òðàíñïîíèðîâàííàÿ ìàòðèöà;
\conjugate() èëè A ̂ {\ ast} � ñîïðÿæåííàÿ ìàòðèöà;
\toEchelonForm() � ýøåëîííàÿ (ñòóïåí÷àòàÿ) ôîðìà;
\det() � îïðåäåëèòåëü;
\rank()� ðàíãà ìàòðèöû;
\inverse() èëè A ̂ {-1} � îáðàòíàÿ ìàòðèöà;
\adjoint() èëè A ̂ {\ star} � ïðèñîåäèíåííàÿ ìàòðèöà;
\genInverse() èëè A ̂ {+} � îáîáùåííàÿ îáðàòíàÿ ìàòðèöà

Ìóððà-Ïåíðîóçà;
\closure èëè A ̂ {\ times} � çàìûêàíèå, ò.å. ñóììà I +A+A2+

A3 + . . .. Äëÿ êëàññè÷åñêèõ àëãåáð ýòî ýêâèâàëåíòíî (I −A)−1;
\pseudoInverse() è � ïñåâäî-îáðàòíàÿ ìàòðèöà. Îíà â îòëè÷èå

îò ìàòðèöû Ìóððà-Ïåíðîóçà, óäîâëåòâîðÿåò òîëüêî äâóì èç ÷åòû-
ðåõ òîæäåñòâ. Îäíàêî îíà áûñòðåå âû÷èñëÿåòñÿ;

\LSU()� LSU-ðàçëîæåíèå ìàòðèöû. Ðåçóëüòàò � âåêòîð èç òð¼õ
ìàòðèö [L, S, U ]. Çäåñü L � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà, U � âåðõ-
íÿÿ òðåóãîëüíàÿ ìàòðèöà, S � ìàòðèöà ïåðåñòàíîâîê, óìíîæåííàÿ
íà îáðàòíóþ ê äèàãîíàëüíîé ìàòðèöó.

\LSUWMdet() � Ðåçóëüòàò � âåêòîð èç 6 ìàòðèö
[L, S, U,W,M, [[det]]]. A=LSU, pseudoInverse(A) = (1/det2)WSM ,
det - íåíóëåâîé ìàêñèìàëüíûé ïî ðàçìåðó óãëîâîé ìèíîð.

\BruhatDecomposition() � ðàçëîæåíèå Áðþà ìàòðèöû. Ðå-
çóëüòàò � âåêòîð èç òð¼õ ìàòðèö [V,D,U ]. Çäåñü V è U � âåðõíèå
òðåóãîëüíûå ìàòðèöû, D � ìàòðèöà ïåðåñòàíîâîê, óìíîæåííàÿ íà
ìàòðèöó, êîòîðàÿ ÿâëÿåòñÿ îáðàòíîé ê äèàãîíàëüíîé ìàòðèöå.
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\SVD() � SVD-ðàçëîæåíèå ìàòðèöû íàä äåéñòâèòåëüíûìè ÷èñ-
ëàìè. Ðåçóëüòàò � âåêòîð èç òð¼õ ìàòðèö [U,D, V T ]. Çäåñü U, V T �
îðòîãîíàëüíûå ìàòðèöû, D � äèàãîíàëüíàÿ ìàòðèöà.

\QR() � QR-ðàçëîæåíèå ìàòðèöû íàä äåéñòâèòåëüíûìè ÷èñëà-
ìè. Ðåçóëüòàò � âåêòîð èç äâóõ ìàòðèö [Q,R]. Çäåñü Q � îðòîãî-
íàëüíàÿ ìàòðèöà, R � âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà.

\sylvester(p1, p2, type = 0or1) � ñòðîèòñÿ ìàòðèöà Ñèëüâåñòðà
ïî êîýôôèöèåíòàì ïîëèíîìîâ p1, p2. Êîëüöî Z[x,y,z,u] áóäåò ðàñ-
ñìàòðèâàòüñÿ êàê êîëüöî Z[u][x,y,z] (êîëüöî îò îäíîé ïåðåìåííîé u
ñ êîýôôèöèåíòàìè èç Z[x,y,z].) Eñëè type=0 ðàçìåð ìàòðèöû n1+n2,
åñëè type=1 ðàçìåð ìàòðèöû 2 max(n1,n2).

\cholesky(A) èëè \cholesky(A, 0) � Ðàçëîæåíèå Õîëåöêîãî.
Ìàòðèöà A äîëæíà áûòü ñèììåòðè÷íîé è ïîëîæèòåëüíî îïðåäå-
ëåííîé, òîëüêî â ýòîì ñëó÷àå ðàçëîæåíèå áóäåò ïðàâèëüíî âû÷èñëå-
íî. \cholesky(A, 1) ìîæíî èñïîëüçîâàòü â ñëó÷àå áîëüøèõ ïëîòíûõ
ìàòðèö, íà÷èíàÿ ñ ðàçìåðà 100x100. Çäåñü ìû èñïîëüçîâàëè áëî÷íîå
óìíîæåíèå ïî àëãîðèòìó Âèíîãðàäà-Øòðàññåíà.
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Ãëàâà 15

Ïðèìåðû ðåøåíèÿ çàäà÷

ïî ôèçèêå

15.1. Ïåðåäà÷à òåïëà

"ÇÀÄÀ×À 1"

"Êóñîê ëüäà ìàññîé"

M = 10 êã;

"ïîìåùåí â ñîñóä. Òåìïåðàòóðà ëüäà"

T = -10 \degreeC ;

"Íàéäèòå ìàññó âîäû â ñîñóäå ïîñëå òîãî, êàê ñîñóäó

ñîîáùèëè êîëè÷åñòâî òåïëà ðàâíîå"

q = 20000 êÄæ;

"Óäåëüíàÿ òåïëîåìêîñòü âîäû"

c_v = 4.2 êÄæ/(êã \degreeC);

"Óäåëüíàÿ òåïëîåìêîñòü ëüäà"

c_i = 2.1 êÄæ/(êã \degreeC);

"Óäåëüíàÿ òåïëîòà ïëàâëåíèÿ ëüäà"

r = 330 êÄæ/êã;

"Óäåëüíàÿ òåïëîòà èñïàðåíèÿ âîäû"

\lambda = 2300 êÄæ/êã;

END

"ÐÅØÅÍÈÅ ÇÀÄÀ×È 1"
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"Èñêîìóþ ìàññó âîäû îáîçíà÷èì ÷åðåç x."

SPACE = R64[x];

"Îáîçíà÷èì êîëè÷åñòâî òåïëîòû òðåáóåìîå äëÿ íàãðåâàíèÿ ëüäà äî 0 ãðàäóñîâ:"

q_1 = M c_i (0 - T);

"äëÿ ïëàâëåíèÿ âñåãî ëüäà:"

q_2 = M r;

"äëÿ íàãðåâàíèÿ âîäû äî ñòà ãðàäóñîâ:"

q_3 = M c_v (100 \degreeC);

"äëÿ èñïàðåíèÿ ÷àñòè âîäû"

q_4 = (M - x)\lambda;

"Çäåñü ìû îáîçíà÷èëè ÷åðåç x ìàññó îñòâøåéñÿ â ñîñóäå âîäû."

"Ïî óñëîâèþ çàäà÷è äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî,

ðåøàÿ êîòîðîå íàéäåì íåèçâåñòíîå x:"

mass = \solve (q = q_1 + q_2 + q_3 + q_4);

mass=\value(mass);

\print(mass);

15.2. Êèíåìàòèêà

"ÇÀÄÀ×À 2"

"Êèíåìàòè÷åñêîå óðàâíåíèå äâèæåíèÿ òî÷êè ïî ïðÿìîé (ïî îñè x)

èìååò âèä $x = c_1 + c_2 t + c_3 t^3$."

"Íàéäèòå: (1) êîîðäèíàòó òî÷êè, (2) ìãíîâåííóþ ñêîðîñòü,

(3) ìãíîâåííîå óñêîðåíèå"

END

"ÐÅØÅÍÈÅ ÇÀÄÀ×È 2."

"Âûáèðàåì ïðîñòðàíñòâî ñ ïåðåìåííûìè $t, c_1, c_2, c_3$:"

SPACE = R64[t, c_1, c_2, c_3];

"Óðàâíåíèå äâèæåíèÿ òî÷êè"

x = c_1 + c_2 t + c_3 t^3;

"Âû÷èñëèì ìãíîâåííóþ ñðîñòü"

v = \D_t(x);

"Âû÷èñëèì ìãíîâåííîå óñêîðåíèå"

a = \D_t(v);

\print(x, v, a);
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"ÇÀÄÀ×À 2À"

"Ðåøèòå ïðåäûäóùóþ çàäà÷ó, ïðè óñëîâèè, ÷òî "

"êîýôôèöèåíòû c1, c2, c3 â óðàâíåíèè èìåþò ñëåäóþùèå çíà÷åíèÿ"

Coeff = [4, 2, -0.5];

"è ìîìåíò âðåìåíè ðàâåí "

t_0 = 2 "ñåêóíäû."

END

"ÐÅØÅÍÈÅ ÇÀÄÀ×È 2À"

"Ââåäåì îáîçíà÷åíèå äëÿ ýëåìåíòîâ âåêòîðà Coeff:"

cf=\elementOf(Coeff);

"Íàéäåì ÷èñëîâîå çíà÷åíèå êàæäîé ôóíêöèè (x, v, a)

â òî÷êå"

arg = [t_0, cf_{1}, cf_{2}, cf_{3}];

"(1) êîîðäèíàòà òî÷êè â ìîìåíò âðåìåíè $t_0$:"

x_0 = \value (x, arg);

"(2) ìãíîâåííàÿ ñêîðîñòü òî÷êè â ìîìåíò âðåìåíè $t_0$:"

v_0 = \value (v, arg);

"(3) ìãíîâåííîå óñêîðåíèå òî÷êè â ìîìåíò âðåìåíè $t_0$:"

a_0 = \value (a, arg);

\print(x_0, v_0, a_0);

15.3. Ìîëåêóëÿðíàÿ ôèçèêà

"ÇÀÄÀ×À 3"

"Â öåíòðå ãîðèçîíòàëüíîé òðóáêè ðàñïîëîæåí ñòîëáèê ðòóòè äëèíîé h"

"×àñòü âîçäóõà áûëà âûêà÷àíà è êîíöû òðóáêè çàïàÿíû.

Òðóáêà èìååò äëèíó l"

"Êîãäà òðóáêà áûëà ïîñòàâëåíà âåðòèêàëüíî, ñòîëáèê ðòóòè ïåðåìåñòèëñÿ âíèç íà ðàññòîÿíèå $l_d$."

"Óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ îáîçíà÷èì $g$, ïëîòíîñòü ðòóòè � $\rho$"

"Êàêîå íà÷àëüíîå äàâëåíèå áûëî â òðóáêå?"

END
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"ÐÅØÅÍÈÅ ÇÀÄÀ×È 3"

"Ïóñòü â òðóáêå áûëî íà÷àëüíîå äàâëåíèå $p_0$. Ââåäåì ïðîñòðàíñòâî ñ ïåðåìåííîé $p_0$:"

SPACE=R64[p_0];

"Ïîñëå ïîâîðîòà òðóáêè äàâëåíèå â íèæíåé ÷àñòè òðóáêè ïîâûñèëîñü,

òàê êàê äîáàâèëîñü äàâëåíèå ñòîëáèêà ðòóòè. Ñëåäîâàòåëüíî, íîâîå äàâëåíèå ñòàëî ðàâíî:"

p_1 = p_0+\rho g h;

"Ïóñòü s ýòî ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ òðóáêè.

Òîãäà íà÷àëüíûé îáüåì íèæíåé ÷àñòè òðóáêè ðàâåí:"

v_0= (l/2-h/2) s;

" Ïîñëå ïîâîðîòà òðóáêè îáüåì âîçäóõà â íèæíåé ÷àñòè òðóáêè áóäåò ðàâåí:"

v_1= (l/2-h/2-l_d) s;

"Â ñîîòâåòñòâèè ñ çàêîíîì Áîéëÿ-Ìàðèîòòà çàïèøåì è ðåøèì

óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîé $p_0$:"

initialPressure = \solve(p_0 v_0=p_1 v_1 );

\print(initialPressure );

"ÇÀÄÀ×À 3À."

"Ðåøèòå ïðåäûäóùóþ çàäà÷ó ïðåäïîëàãàÿ, ÷òî ïåðåìåííûå

èìåþò ñëåäóþùèå ÷èñëîâûå çíà÷åíèÿ: "

h = 0.20 m;

l = 1 m;

l_d = 0.10 m;

g = 9.8 m/s^2;

\rho = 13600 kg/m^3;

END

"ÐÅØÅÍÈÅ ÇÀÄÀ×È 3À"

p_1 = p_0 + \rho g h;

v_0 = (l/2 - h/2) S;

v_1 = (l/2 - h/2 - l_d) S;

\solve(p_0 v_0 = p_1 v_1);
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15.4. Ìàÿòíèê

"ÇÀÄÀ×À 4. Ïåðèîä ìàòåìàòè÷åñêîãî ìàÿòíèêà."

SPACE = R64[x]; FLOATPOS = 4

"Ìàòåðèàëüíàÿ òî÷êà ïîäâåøåíà íà íåâåñîìîé íèòè. Äëèíà ìàÿòíèêà ðàâíà $L = 1 ì$.

Îíà êîëåáëåòñÿ â ïîëå ñèëû òÿæåñòè ñ óñêîðåíèåì ñâîáîäíîãî ïàäåíèÿ $g = 9.80665 ì/c^2$.

Ìàêñèìàëüíûé óãîë îòêëîíåíèÿ ìàÿòíèêà îò âåðòèêàëè, íàçûâàåìûé àìïëèòóäîé, ðàâåí"

\theta_0= (2/3) \pi;

"Íàäî íàéòè ïåðèîä $T$ ìàÿòíèêà, èñïîëüçóÿ àðèôìåòèêî-ãåîìåòðè÷åñêîå ñðåäíåå,

$$T=\frac{2\pi}{\AGM(1,\cos(\theta_0/2))}\sqrt{\frac{L}{g}}$$"

END

"ÐÅØÅÍÈÅ ÇÀÄÀ×È 4."

\theta_0= (2/3) \pi;

w=\value(\cos(\theta_0/2));

Ts = 2*\pi*\sqrt{L/g}/(\AGM(1,w)); \print(w,Ts);

L = 1;

g = 9.80665;

T= \value(Ts); \print(T);

The results:
w = 0.5
Ts = 2.7458 ∗ π ∗ (L/g)(1/2)
T = 2.7546.


